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Abstract

In the thesis we investigate the local and global existence of regular solutions to Kol-

mogorov’s two-equation model of turbulence. The local existence results are obtained for

the initial data with different assumptions on their regularity. First, the periodic domain

is considered with initial data from H2. Secondly, the existence of solutions is shown for

torus and data from Hs, s ą d
2
. Obtained solutions are unique. The proof of the existence

requires the commutator estimate for the Bessel potential Js, which is adapted from a

well-known result for Rd. The global existence of a regular solution is shown under a

smallness condition imposed on the initial data. The condition is formulated in such a

way to ensure the absorption of high-order terms by the diffusive terms.

Keywords: Kolmogorov’s model of turbulence, existence of solution, uniqueness of solu-

tion, local in time existence, fractional Sobolev spaces, commutator estimates
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Streszczenie

W pracy zbadano istnienie lokalnych i globalnych w czasie, regularnych rozwiązań

dwurównaniowego modelu turbulencji Kołmogorowa. Istnienie lokalnych w czasie reg-

ularnych rozwiązań jest pokazane przy różnych założeniach na regularność danych

początkowych. Najpierw pokazane jest istnienie rozwiązań na periodycznej dziedzinie

i danych początkowych z przestrzeni H2. Następnie udowodnione zostaje istnienie

rozwiązań na torusie z danymi początkowymi pochodzącymi z przestrzeniHs, gdzie s ą d
2
.

Przeprowadzany dowód wymaga oszacowania komutatora dla potencjału Bessela. Wynik

ten, dobrze znany dla przypadku Rd, jest pokazany dla przypadku torusa. Istnienie

globalnych w czasie, regularnych rozwiązań jest pokazane przy dodatkowym założeniu

na małość danych początkowych. Warunek dobrany jest tak by gwarantować absorpcję

wyrazów wyższych rzędów przez człon dyfuzyjny.

Słowa kluczowe: model turbulencji Kołmogorowa, istnienie rozwiązań, jednoznaczność

rozwiązań, lokalne w czasie rozwiązania, ułamkowe przestrzenie Sobolewa, oszacowania

komutatorów

7





Contents

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

Chapter 1. Function spaces and auxiliary lemmas . . . . . . . . . . . . . . . . . . 17

1.1. Function spaces on Π3
i“1p0, Liq . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.1.1. The Gagliardo-Nireberg inequalities . . . . . . . . . . . . . . . . . . . . . . 20

1.2. Function spaces on Rd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3. Function spaces on d-dimensional torus . . . . . . . . . . . . . . . . . . . . . . . . 21

1.4. Special function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Chapter 2. Local in time solution for H2 initial data . . . . . . . . . . . . . . . . . 31

2.1. Notation and main result. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.2. Proof of Theorem 2.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

Chapter 3. Global in time solution for small initial data . . . . . . . . . . . . . . 55

3.1. Notation and notion of a solution . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2. Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3. Proof of Theorem 3.2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1. The lower order estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.2. Higher order estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.4. Proof of Corollary 3.2.4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Chapter 4. Existence and uniqueness of local in time solutions for HspTdq

initial data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.1. Notation and main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2. Proof of Theorem 4.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2.1. Definitions of auxiliary functions . . . . . . . . . . . . . . . . . . . . . . . 85

4.2.2. Approximated system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

9



4.2.3. Energy estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.2.4. Passage to the limit in approximate system, regularity of solution . . . . . 103

4.3. Proof of Theorem 4.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

Chapter 5. Existence of a weak solution . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.1. Formulation of the theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.2. Proof of Theorem 5.1.1 and auxiliary Theorems . . . . . . . . . . . . . . . . . . . 113

5.2.1. Auxiliary results and additional notation . . . . . . . . . . . . . . . . . . . 114

5.2.2. k-approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.2.3. (n,k)-approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.2.4. (m,n,k)-approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

5.2.5. Proof of Theorem 5.2.10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.2.6. Proof of Theorem 5.2.9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.2.7. Proof of Theorem 5.2.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.2.8. Proof of Theorem 5.1.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

Appendix A. Kato-Ponce commutator estimate in Td . . . . . . . . . . . . . . . . 169

A.1. Definitions and theorems of pseudo-differential operator theory . . . . . . . . . . . 169

A.2. Proof of Lemma 1.3.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

A.2.1. Step 1: Estimate of σ1pDqpf, gq . . . . . . . . . . . . . . . . . . . . . . . 174

A.2.2. Step 2: Estimate of σ3pDqpf, gq . . . . . . . . . . . . . . . . . . . . . . . 177

A.2.3. Step 3: Estimate of σ2pDqpf, gq . . . . . . . . . . . . . . . . . . . . . . . 181

A.2.4. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

A.3. Auxiliary lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

10



Introduction

The flow of the fluid can be described using various partial differential equations

such as the Navier-Stokes, Euler and Stokes systems. In the engineering practice, the

most commonly used model is one given by the Navier-Stokes equations. In the basic

form, the model describes the flow of a viscous, incompressible, isothermal fluid with

constant density. The Navier-Stokes equations have been extensively studied both from

the theoretical and numerical sides. The theoretical research concentrates on establishing

or disproving the regularity/uniqueness of solutions to the Navier-Stokes system. So far

the problem remains open. On the other hand, the numerical research shows that fluid

flows characterised by high Reynold’s number (turbulent flow) are difficult to simulate.

The difficulty arises from the fact that a turbulent flow is characterised by chaotic fluc-

tuations of the velocity and pressure fields. Thus to simulate the fluid flow properly

the computational mesh should be very fine and the simulation’s time-step very small

(see [52]). For example, the simulation of the planar turbulent channel with Reynold’s

number 10 000 would require 50 million CPU-hours (see [40] and [24]). Those difficulties

with the Navier-Stokes equations motivate the exploration of alternative formulations of

hydrodynamics.

In 1941 A. N. Kolmogorov in [27] proposed the following system of equations describing

the flow of the turbulent fluid:

v,t ` divpv b vq ´ ν0 div

ˆ

b

ω
Dpvq

˙

“ ´∇p, (1)

ω,t ` divpωvq ´ κ1 div

ˆ

b

ω
∇ω

˙

“ ´κ2ω
2, (2)

b,t ` divpbvq ´ κ3 div

ˆ

b

ω
∇b

˙

“ ´bω ` κ4
b

ω
|Dpvq|

2, (3)



CHAPTER 0. INTRODUCTION

div v “ 0, (4)

where D - denotes the symmetric gradient, v - the mean velocity field, b - 2/3 of the mean

turbulent kinetic energy, ω - the dissipation rate of the mean turbulent kinetic energy

(also referred to as the scale of turbulence), p - the sum of the pressure and b. The

constants ν0, κ1, κ2, κ3, κ4 are given positive material parameters. The equations are

equipped with the initial conditions

v|t“0 “ v0, ω|t“0 “ ω0, b|t“0 “ b0 (5)

and boundary conditions, which will be established later. In considering the Navier-Stokes

system difficulties arise due to high oscillations. The main idea behind the formulation

is to consider a smoothen-out (averaged) velocity field. However, to account for an infor-

mation lost (about the instantaneous velocity V and the instantaneous pressure P ) due

to the averaging process, additional quantities have to be introduced. Instead of tracking

the fluctuation’s velocity v1 “ V ´ v directly, the mean kinetic energy of v1 (i.e. the mean

turbulent kinetic energy) is considered. Additionally, the proposed model introduces the

dissipation rate, which accounts for the transfer of the turbulent kinetic energy into the

internal thermal energy. We see that the increase of the kinetic energy causes an increase

of the artificial (turbulent) viscosity b
ω
. It is known from the theory of the Navier-Stokes

equation that a larger viscosity lengthens the existence time of regular solutions. Such an

artificial viscosity also improves the numerical properties of the equation.

Nowadays, the ideas introduced by Kolmogorov are used in the development of new

turbulence models such as k´ε, and k´ω (see [12], [48], [10], [51]). Each of these models

is based on some artificial viscosity dependent on other mean flow quantities. These

turbulence models are inherently prone to inaccuracies due to the introduced averaging.

Thus based on the application, the choice of the turbulence model can significantly affect

the prediction. To understand the averaging process better, we will provide the derivation

of a part of Kolmogorov’s system from the Euler equations. Let us note that the used

procedure can also be applied for viscous flows i.e. such described by the Navier-Stokes

equations.

The simplest idea that would decrease the apparent fluctuations of solutions is to

consider the average value of the velocity and of the pressure. This is the case in Kol-

12



mogorov’s approach. To this end let us introduce averaging operator f ÞÑ f . Now, let us

decompose the flow’s velocity V and the pressure P in the following way:

V px, tq “ vpx, tq ` v1
px, tq, P px, tq “ rppx, tq ` p1

px, tq,

where v, rp are the time-averaged values and v1, p1 account for fluctuations around mean

values. We additionally require the following conditions to hold:

v “ v, v1 “ 0, rp “ rp, p1 “ 0.

We substitute the decomposed functions into the Euler system and we get (for details see

chapter 2 of [51]):

Btpv ` v1
q ` div ppv ` v1

q b pv ` v1
qq ` ∇prp ` p1

q “ 0.

By applying the average operator to the equation we obtain

Btv ` div pv b vq ` ∇rp “ ´ div
`

v1 b v1
˘

.

The last term on the right-hand side can be approximated by the Boussinesq approxima-

tion (see [51])

´v1 b v1 “ νT p∇v ` ∇Tvq ´ bI,

where νT denotes the turbulent viscosity. In the considered case of Kolmogorov’s system

we set νT “ ν0
2
b
ω
. Finally, we obtain

Btv ` div pv b vq ´ ν0 div

ˆ

b

ω
Dv

˙

` ∇p “ 0, (6)

where p “ rp`b. This way we derived equation (1) based on the Euler equation. However,

we see that to close the system we need to introduce additional equations for ω and b.

The derivation of equations (2), (3) is more complicated and requires additional postulates

besides the Boussinesq approximation. For further details see [51] and [48].

Recently, the research concerning the mathematical analysis of Kolmogorov’s model

has accelerated. In [8] authors showed the existence of a weak solution to Kolmogorov’s

13
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turbulence model. It relies on the introduction of a new variable E “ |v|2{2`b representing

the total energy in the system. It allows for the replacement of b-equation with an equation

depending on E:

BtE ` divpvpE ` pqq ´ 2ν0 div

ˆ

κ3b

κ4ω
∇b `

b

ω
Dpvqv

˙

`
2ν0
κ4
bω “ 0.

The main benefit of E´equation lies in the absence of b
ω

|Dpvq|2 term, which enables

passage to the limit with the approximate solution. Additionally, it is worth of noting

that the developed methodology allows for b0 such that: b0 ą 0 and ln b0 P L1pΩq.

In the article [36] the authors consider the system (1)-(4) in a periodic domain. The

authors first consider the approximate problem with an additional p-Laplacian term.

This allows for deriving additional estimates for the symmetric gradient of solutions.

After passing to the limit the authors obtain a global-in-time weak solution. However,

due to the presence of the strongly nonlinear term b
ω

|Dpvq|2, the weak form of equation

(3) has to be corrected by a positive measure µ. The assumption on the initial value

of b is that it has to be uniformly positive. In [16] the authors consider the 1D system

motivated by Kolmogorov’s system structure (with the omitted pressure term). The

system of equations is considered in the periodic setting. First, the authors prove the

local-in-time existence of solutions for the initial data such that pv0, ω0, b0q P H2, b0 ě 0,
?
b0 P H2 and ω0 is strictly positive. This choice of initial data means that the diffusion

coefficient may vanish. Also, they prove the existence of a class of smooth initial data,

for which a finite-time blow-up occurs. More precisely, the blow-up occurs in a finite time

provided: b0p0q “ 0, v0 is odd with respect to 0, ω0 and b0 are even with respect to 0,

Bxv0p0q ă 0 and
?
b0 P H3. In [17] the authors continue the work from [16] however for the

modified (yet still relevant to the analysis of Kolmogorov’s model) system of equations.

The authors prove additional conditions which cause the blow-up in a finite time. These

conditions include the second derivative of turbulent kinetic energy. There are also some

developments regarding the theoretical analysis of other turbulence models, however less

fruitful (in terms of an obtained regularity) due to mathematically less advantageous

structure of equations: [33], [13], [15], [14], [38], [35].

The aim of the thesis is to show the existence of the regular solutions to Kolmogorov’s

two-equation model of turbulence. First, we show the existence of a regular solution in a

small time interval. The obtained solution’s norms may potentially blow up after a certain

14



finite time. The minimal existence time of the solution is determined by the initial data

and the model’s parameters. The local-in-time existence is studied in two settings: for

initial data from the space H2 and from Hs. In the second case, we have to assume that

initial data are regular enough i.e. s ą d
2
. We also prove that the obtained solutions are

unique. The second part of the thesis concentrates on showing the existence of (nontrivial)

global-in-time solutions under the smallness condition imposed on the initial data. The

additional condition’s purpose is to ensure the absorption of higher-order terms by the

diffusive term. It is worth noting that the regularity analysis of Kolmogorov’s system was

not considered in the literature.

The thesis is comprised of 5 chapters. Now we will give a brief description of the

contents of each chapter. Chapter 1 provides an information about function spaces, that

will be used throughout the thesis. Additionally, certain useful, yet simple estimates are

provided. In Chapter 2 the local-in-time-existence of a solution is studied for the initial

data from the space H2. The detailed result is formulated in Theorem 2.1.1. The result

is then used in the next chapter. In Chapter 3 the existence of global in time, regular

solutions is shown under a smallness condition imposed on initial data. The basic idea

behind the considerations is to show that with the help of the smallness condition, the

solutions (provided by results from Chapter 2) can be extended indefinitely in time. In

Chapter 4, a local-in-time-existence of the solution is proven for initial data from HspTdq,

where s ą d
2
. Also, it is shown that such solutions are unique. These results improve

the result given in Chapter 2. Also to obtain the existence result, Appendix contents

are utilised. In Chapter 5 the existence of global weak solutions on the torus is shown.

The main purpose of this chapter is to provide a better understanding of the approach

presented in [8]. The Appendix concentrates on adapting a proof of a commutator estimate

presented in [26] for the case of the torus. Finally, in the Summary, the conclusions are

formulated as well as possible directions for a continuation of work on the subject.
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Chapter 1

Function spaces and auxiliary lemmas

In this chapter, we introduce the notation used throughout the thesis. Additionally,

the basic inequalities are also given.

Let Ω be a domain (to be specified in each chapter), T ą 0 and ΩT “ Ωˆ p0, T q. Let

pX, }¨}q be a Banach space and 1 ď p ď 8. Throughout the thesis, we will denote the

Bochner space by Lpp0, T ;Xq. The space is equipped with the following norm

}u}Lpp0,T ;Xq
:“

ˆ
ż T

0

}uptq}
p
X dt

˙

1
p

for 1 ď p ă 8,

}u}L8p0,T ;Xq
:“ ess suptPr0,T s }uptq}X .

Moreover, the space of continuous functions from r0, T s to X will be denoted by

Cpr0, T s;Xq. The space is equipped with the following norm

}u}Cpr0,T s;Xq
:“ max

tPr0,T s
}uptq}X .

Let us consider f : Rd Ñ R. By ∇kf we denote the k-dimensional matrix comprised

of elements Bkf

Bk1x1...B
kdxd

, where ki ě 0 for i “ 1, ..., d and
řd
i“1 ki “ k. Based on this we

define

›

›∇kf
›

›

2

L2pΩq
“

ÿ

pk1,...,kdqPSk

›

›

›

›

Bkf

Bk1x1...Bkdxd

›

›

›

›

2

L2pΩq

,

where Sk “ tpk1, ..., kdq P Nd :
řd
i“1 ki “ ku.



CHAPTER 1. FUNCTION SPACES AND AUXILIARY LEMMAS

1.1. Function spaces on Π3
i“1p0, Liq

Let Ω “ Π3
i“1p0, Liq, r ě 1 and k P N. By W k,rpΩq we denote the space of restrictions

to Ω of the functions, which belong to the space

tu P W k,r
loc pR3

q : up¨ ` kLieiq “ up¨q for k P Z, i “ 1, 2, 3u,

where teiu
3
i“1 forms the standard basis in R3. We shall denote by } ¨ }k,2 the norm in the

Sobolev space, i.e.

}f}k,2 “ p}∇kf}
2
2 ` }f}

2
2q

1
2 , (1.1)

where } ¨ }2 is L2 norm on Ω. Additionally, we define W 1,r
divpΩq in the following way:

W 1,r
divpΩq “ tv P

“

W 1,r
pΩq

‰3
: div v “ 0 in Ω,

ż

Ω

vdx “ 0u.

Dual spaces of W 1,r and W 1,r
div will be denoted, respectively, in the following way:

W´1,r1

pΩq :“
`

W 1,r
pΩq

˘˚
, W´1,r1

div pΩq :“
`

W 1,r
divpΩq

˘˚
,

where 1
r

` 1
r1 “ 1. Let 1 ď p ă 8. By }¨}p and }¨}1,p, we denote classical norms in LppΩq

and W 1,ppΩq, respectively:

}f}p “

ˆ
ż

Ω

|fpxq|
pdx

˙
1
p

, }f}1,p “

˜

}f}
p
p `

3
ÿ

i“1

}Bxif}
p
p

¸
1
p

.

Now, we define the following transformation:

x¨, ¨y : W´1,r
ˆ W 1,r1

Ñ R

such that for f P W´1,rpΩq and g P W 1,r1

pΩq, where 1
r

` 1
r1 “ 1, we have

xf, gy :“ fpgq.

Thus, we can define the norm in dual spaces of Sobolev spaces:

}f}
´1,r “ sup

φPW 1,r1
pΩq:}φ}

W1,r1
pΩq

“1

|xf, φy| .

18
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i“1p0, Liq

Also, for f P LrpΩq and g P Lr
1

pΩq, where 1
r

` 1
r1 “ 1, we define p¨, ¨q in the following way:

pf, gq “

ż

Ω

fpxqgpxqdx.

Additionally, we define the space

L2
divpΩq :“ W 1,2

div pΩq
}¨}2
,

where the right-hand side denotes the closure of the space W 1,2
div pΩq in L2pΩq norm. More-

over, let

Lr0pΩq :“ tv P LrpΩq :

ż

Ω

vdx “ 0u.

Finally, we define the space that will be useful for considerations related to the kinetic

turbulent energy b:

ε “ tb P L8
`

0, T, L1
pΩq

˘

: b ą 0 almost everywhere in ΩT ,

ln b P L8
p0, T, L1

pΩqq, b P Lλp0, T,W 1,λ
pΩqq @λ P r1, 2qu.

(1.2)

If m P N, then by Vm we denote the space of restrictions to Ω of the functions, which

belong to the space

tu P Hm
locpR3

q : up¨ ` kLieiq “ up¨q for k P Z, i “ 1, 2, 3u, (1.3)

where teiu
3
i“1 form a standard basis in R3. Also we define

9Vmdiv “ tv P Vm : div v “ 0,

ż

Ω

vdx “ 0u. (1.4)

For the convenience we also introduce the following space

X pT q “ L2
p0, T ; 9V3

divq ˆ L2
p0, T ;V3

qq ˆ pL2
p0, T ;V3

q X pH1
p0, T ;H1

pΩqqq
5. (1.5)
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CHAPTER 1. FUNCTION SPACES AND AUXILIARY LEMMAS

1.1.1. The Gagliardo-Nireberg inequalities

In this subsection, we collect the special cases of the Gagliardo-Nirenberg inequalities

used in the paper (for the original formulation and proof see [20], [39], [18]). Here, the

constant c depends only on Ω and we assume that f is a periodic function on Ω, it is

sufficiently regular to make the right-hand side finite. Firstly, we recall

}∇f}
2
4 ď c }∇f}2

›

›∇3f
›

›

2
. (1.6)

The lower order term (say, L2 norm) can be omitted, because
ş

Ω
∇fdx “ 0,

ş

Ω
∇2fdx “ 0

and from the Poincaré inequality for functions with the vanishing mean we get

}∇f}
2
2 “ }∇f}2 }∇f}2 ď C1 }∇f}2

›

›∇2f
›

›

2
ď C2 }∇f}2

›

›∇3f
›

›

2
,

where C1, C2 depends only on Poincaré constant for Ω. Next, we have

}f}
2
3 ď c }∇f}2 }f}2 , if

ż

Ω

fdx “ 0, (1.7)

}f}6 ď c }∇f}2 , if
ż

Ω

fdx “ 0, (1.8)

}∇f}
2
6 ď c

›

›∇3f
›

›

2
}∇f}2 , (1.9)

}∇f}
2
4 ď c

›

›∇3f
›

›

2
}∇f} 3

2
, (1.10)

}f}
8

ď cp
›

›∇2f
›

›

2
` }f}1q, (1.11)

}f}
8

ď c
›

›∇2f
›

›

2
, if

ż

Ω

fdx “ 0, (1.12)

}f} 3
2

ď c }∇f}
1
2
3
2

}f}
1
2
1 ` c}f}1, (1.13)

where c depends only on Ω.

1.2. Function spaces on Rd

Now we will recall function spaces defined on Rd. Provided definitions and facts are

mainly used to derive analogous statements in the case of Td.
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Definition 1.2.1 (see Section 2.2.2 in [47]). Let s P R and 1 ă p ă 8. Then we define

the Bessel-potential space in the following way:

Hs
p

`

Rd
˘

“ tf P S 1 : }f}Hs
ppRdq

“
›

›F´1
“

p1 ` |x|
2
qFf

‰
›

›

p
ă 8u,

where F denotes the Fourier transform and S 1 is the space of tempered distributions.

Now we will list useful facts related to the introduced space.

Lemma 1.2.1 (see Theorem 13.8.1 in [32]). Let s ą d
2

and f P HspRdq. Then, function

f is continuous and there exists constant C “ Cps, dq independent of f such that

}f}L8pRdq
ď C }f}HspRdq

.

Theorem 1.2.2 (see Lemma X4 in [26]). Let s ě 0. Then there exists a constant

C “ Cps, dq such that @f, g P HspRdq X L8pRdq the following inequality holds:

}fg}HspRdq
ď C

´

}f}L8pRdq
}g}HspRdq

` }f}HspRdq
}g}L8pRdq

¯

.

Lemma 1.2.3 (see Theorem 5.5 in [3] or Section 3.1 in [46]). Let s ą d
2
. Assume that F

is a smooth function on R with F p0q “ 0. Then there exists C “ Cps, dq independent of

u and F such that:

}F puq}HspRdq
ď C }F 1

}Crss

´

1 ` }u}L8pRdq

¯rss

}u}HspRdq
.

1.3. Function spaces on d-dimensional torus

Let us start with recalling the definitions of spaces set on Td “ r0, 1qd.

Definition 1.3.1 (see Remark 3.1.5 in [42] or Section 3.2 and 3.5 in [2] ). Let

tunu8
n“1 Ă C8pTdq, u P C8pTdq. We say that un Ñ u in C8pTdq if Bαun Ñ Bαu uniformly

for all α P N0. By D1pTdq we denote the space of continuous linear functionals on C8pTdq.

Definition 1.3.2 (see Definition 3.1.6 in [42]). Let SpZdq denote the space of rapidly

decaying functions from Zd to C. That is, φ P SpZdq if for any k ă 8 there exists a
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constant Cφ,k such that

|φpξq| ď
Cφ,k

p1 ` |ξ|2q
k{2
.

The topology on SpZdq is given by the seminorms pk, where k P N0 and

pkpφq “ sup
ξPZd

`

1 ` |ξ|
2
˘

k
2 |φpξq|.

Then, a sequence tφnu8
n“1 Ă SpZdq converges to the function φ P SpZdq iff

pkpφn ´ φq
nÑ8
ÝÑ 0 for all k P N0.

By S 1pZdq we denote the space of continuous linear functionals on SpZdq.

Definition 1.3.3 (see Definition 3.1.8 in [42]). Toroidal Fourier transform

FTd “ pf ÞÑ f̂q : C8pTdq Ñ SpZdq is defined by

f̂pξq “

ż

Td

fpxqe´2πix¨ξdx.

Inverse toroidal Fourier transform F´1
Td “ ph ÞÑ qhq : SpZdq Ñ C8pTdq is given by

qhpxq “
ÿ

ξPZd

hpξqei2πx¨ξ.

Definition 1.3.4 (see Definition 3.1.27 in [42]). Fourier transform extends to the mapping

FTd : D1pTdq Ñ S 1pZdq by the formula

xû, φy :“ xu, ι ˝ qφy,

where u P D1pTdq, φ P SpZdq and ι is defined by pι ˝ ψqpxq “ ψp´xq.

Definition 1.3.5. Let s P C. The Bessel potential Js on the torus is defined as follows

pJsfqpxq “
ÿ

kPZd

`

1 ` 4π2
|k|

2
˘s{2

e2πix¨kf̂pkq,

where f̂ denotes Fourier transform of f .
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Now, let us recall the definition of fractional inhomogeneous Sobolev spaces on torus

Hs
p

`

Td
˘

.

Definition 1.3.6 (see chapter 3.5.4 in [43]). Let s be a real number, p P p1,8q. The

inhomogeneous Sobolev Space Hs
p

`

Td
˘

is defined as follows

Hs
p

`

Td
˘

“

!

u P D1
pTdq : }u}Hs

p
“ }Jsu}p ă 8

)

.

Moreover, based on the orthogonality of te2πkxukPZd in L2pTdq the following characterisa-

tion holds

Hs
`

Td
˘

“

#

u P D1
pTdq : }u}

2
Hs

2
“

ÿ

kPZd

`

1 ` 4π2
|k|

2
˘s

|ûpkq|
2

ă 8

+

.

Moreover, we introduce the following notation

Hs
divpTdq “

␣

u P rHs
pTdqs

d : div u “ 0
(

.

To simplify further expressions we introduce also notation:

pf, gqHs “
`

Jsf, Jsg
˘

L2pTdq
.

Now, we will recall some known facts concerning fractional Sobolev spaces on the torus.

Lemma 1.3.1 (see [9], [22], [26], [23]). Let s ě 0 and p P p1,8q, p1, p2, q1, q2 P p1,8s

satisfy

1

p
“

1

p1
`

1

q1
“

1

p2
`

1

q2
.

Let f, g P C8pTdq. Then there exists C “ Cps, d, p, p1, p2, q1, q2q independent of f and g

such that the following inequality holds:

}Jspfgq}p ď C
´

}Jsf}p1 }g}q1 ` }f}p2 }Jsg}q2

¯

.
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Lemma 1.3.2 (see chapter 2.8.3 in [47]). Let p P p1,8q, s ą d{p and f, g P Hs
ppTdq.

Then, fg P Hs
ppTdq and there exists a constant C ą 0, independent of f and g such that

}fg}Hs
ppTdq

ď C }f}Hs
ppTdq

}g}Hs
ppTdq

.

Lemma 1.3.3 (see the proof in Appendix). Suppose that s ą 0, p, p2, p4 P p1,8q and

p1, p3 P p1,8s such that

1

p
“

1

p1
`

1

p2
“

1

p3
`

1

p4
.

Let f, g P C8pTdq, then there exists a constant C “ Cps, dq independent of f and g such

that

}rJs, f s g}LppTdq
ď C

´

}∇f}Lp1 pTdq

›

›Js´1g
›

›

Lp2 pTdq
` }g}Lp3 pTdq

}Jsf}Lp4 pTdq

¯

,

where rJs, f s g :“ Jspfgq ´ fJsg.

Lemma 1.3.4 (See Lemma 2.5(ii) in [11]). Let s ą d
2

and f P Hs
`

Td
˘

. Then, the

function f is continuous and there exists a constant C “ Cps, dq independent of f such

that

}f}
8

ď C }f}Hs .

Lemma 1.3.5 (see Theorem 5.5 in [3] or Section 3.1 in [46]). Let s ą d
2
. Assume that G

is a smooth function on R with Gp0q “ 0. Then there exists C independent of f P Hs
`

Td
˘

and G such that:

}Gpfq}Hs ď C }G1
}Crss p1 ` }f}

8
q

rss
}f}Hs .

Lemma 1.3.6. Let s ą d
2
. Assume that G is a smooth function on R with G1p0q “ 0.

Then there exists C independent of u, v P HspTdq and G such that:

}Gpuq ´ Gpvq}Hs ď C }G2
}Crss }u ´ v}Hs p1 ` }u}Hs ` }v}Hsq

rss`1 .
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Proof. The lemma is a direct consequence of Lemma 1.3.5. Proceeding as in [1] Corollary

2.66, we see that

Gpuq ´ Gpvq “ pu ´ vq

ż 1

0

G1
pu ` τpv ´ uqqdτ,

which can be understood classically due to v, u both being continuous functions (see

Lemma 1.3.4). By applying Hs
`

Td
˘

norm to the both sides and using Lemma 1.3.2 we

get

}Gpuq ´ Gpvq}Hs ď }u ´ v}Hs

›

›

›

›

ż 1

0

G1
pu ` τpv ´ uqqdτ

›

›

›

›

Hs

.

Next, we may change the order of the norm and integral to get

}Gpuq ´ Gpvq}Hs ď }u ´ v}Hs

ż 1

0

}G1
pu ` τpv ´ uqq}Hs dτ.

As G1p0q “ 0 we may apply Lemma 1.3.5 to the term under integral

}Gpuq ´ Gpvq}Hs

ď C }G2
}Crss }u ´ v}Hs

ż 1

0

p1 ` }u ` τpv ´ uq}
8

q
rss

}u ` τpv ´ uq}Hs dτ.

We may estimate the right-hand side using the triangle inequality. We get

}Gpuq ´ Gpvq}Hs

ď C }G2
}Crss }u ´ v}Hs p1 ` }u}

8
` }v}

8
q

rss
p}u}Hs ` }v}Hsq .

By using Lemma 1.3.4 we obtain the desired inequality.

Lemma 1.3.7. Let f : Td Ñ C be such that f P Hs`1pTdq. Then:

}f}
2
Hs`1 “ }∇f}

2
Hs ` }f}

2
Hs .
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Proof. By simple calculations we get the assertion of the lemma:

}∇f}
2
Hs “

d
ÿ

j“1

ÿ

kPZd

`

1 ` 4π2
|k|

2
˘s

ˇ

ˇ

ˇ

ˇ

ˇ

{

ˆ

Bf

Bxj

˙

pkq

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

d
ÿ

j“1

ÿ

kPZd

`

1 ` 4π2
|k|

2
˘s
4π2

|kj|
2
ˇ

ˇ

ˇ

pfpkq

ˇ

ˇ

ˇ

2

“
ÿ

kPZd

´

`

1 ` 4π2
|k|

2
˘s`1

´
`

1 ` 4π2
|k|

2
˘s
¯
ˇ

ˇ

ˇ

pfpkq

ˇ

ˇ

ˇ

2

“ }f}
2
Hs`1 ´ }f}

2
Hs .

Lemma 1.3.8 (See Lemma 2.5(i) in [11]). Let p P p1,8q and let µ, ν P R be such that

ν ď µ. Then Hµ
p pTdq ãÝÑ Hν

p pTdq.

Lemma 1.3.9 (See Lemma 2.5(iii) in [11]). Let p, q P p1,8q and let µ, ν P R be such that

ν ď µ and

µ ´
d

p
“ ν ´

d

q
.

Then Hµ
p pTdq ãÝÑ Hν

q pTdq.

Remark 1.3.10. References of Lemmas 1.3.2 and 1.3.5 are provided for Rd domain.

By following the argument presented in Section 2.3.1 of [11], those formulations can be

adapted for Td case by considering the extension operator Hs
ppTdq Q f Ñ ϕ rf P Hs

ppRdq,

where ϕ is a smooth, compactly supported function defined on Rd, such that ϕ|r0,1qd “ 1

and

rfpxq “ fpx ´ txuq,

where txu “ ptx1u, . . . , txduq, (t¨u - the floor function). Then, it is clear that

}f}Wk,ppTdq
ď

›

›

›
ϕ rf

›

›

›

Wk,ppRdq
ď C }f}Wk,ppTdq

. (1.14)
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From the complex interpolation (see e.g.: Theorem 2.6 in [34]), we can deduce the analo-

gous inequality for the fractional spaces, i.e.

}f}Hs
ppTdq

ď

›

›

›
ϕ rf

›

›

›

Hs
ppRdq

ď C }f}Hs
ppTdq

. (1.15)

Considering Lemma 1.3.1 for the function ϕ rf and using (1.15) yields the needed assertion.

The proof of the Lemma 1.3.5 is more complicated and we shall give more details.

Proof. Let ψ, ϕ be smooth, compactly supported functions defined on Rd, such that

ψ|r0,1sd ” 1 and ϕ| supψ ” 1. Also let us observe that ĆGpfq “ Gp rfq. Now, using Lemmas

1.2.2, 1.2.1, 1.2.3 and the fact that Gp0q “ 0 we can write

›

›

›
ψĆGpfq

›

›

›

HspRdq
“

›

›

›
ψGp rfq

›

›

›

HspRdq
“

›

›

›
ψGpϕ rfq

›

›

›

HspRdq
ď C }ψ}HspRdq

›

›

›
Gpϕ rfq

›

›

›

HspRdq

ď C
›

›

›
Gpϕ rfq

›

›

›

HspRdq
ď C

›

›

›
G

1
›

›

›

Crss

ˆ

1 `

›

›

›
ϕ rf

›

›

›

L8pRdq

˙rss
›

›

›
ϕ rf

›

›

›

HspRdq
.

We can easily estimate the both sides using (1.15) to get

}Gpfq}HspTdq
ď C

›

›

›
G

1
›

›

›

Crss

´

1 ` }f}L8pTdq

¯rss

}f}HspTdqq
.

Lemma 1.3.11. Let f P Hs`1
`

Td
˘

and s ą d
2
. Then we have

}∇f}
8

ď C }f}
1
2ps´ d

2q
HspTdq

}f}
1´ 1

2ps´ d
2q

Hs`1pTdq
for s P

ˆ

d

2
,
d

2
` 1

ȷ

(1.16)

and

}∇f}
8

ď C }f}Hs for s P

ˆ

d

2
` 1,8

˙

.

Proof. First we concentrate on the case s P
`

d
2
, d
2

` 1
‰

. We see that from Lemma 1.3.4 it

follows

}∇f}L8pTdq
ď C }∇f}

H
1
2ps` d

2q
pTdq

.
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We see that

1

2

ˆ

s `
d

2

˙

“
1

2

ˆ

s ´
d

2

˙

ps ´ 1q `

ˆ

1 ´
1

2

ˆ

s ´
d

2

˙˙

s

and thus we may use the interpolation inequality to get

}∇f}L8pTdq
ď C }∇f}

1
2ps´ d

2q
Hs´1pTdq

}∇f}
1´ 1

2ps´ d
2q

HspTdq
.

Thus by Lemma 1.3.7 we obtain

}∇f}L8pTdq
ď C }f}

1
2ps´ d

2q
HspTdq

}f}
1´ 1

2ps´ d
2q

Hs`1pTdq
.

If s P
`

d
2

` 1,8
˘

we have

}∇f}L8pTdq
ď C1 }∇f}Hs´1pTdq

ď C2 }f}HspTdq
,

which follows from Lemma 1.3.4 and 1.3.7.

1.4. Special function

In later parts of the thesis, we utilise the existence of certain kinds of functions. Let

us set bmin ą 0, 0 ă ωmin ď ωmax. Next, we define the following auxiliary functions

btmin “
bmin

p1`κ2ωmaxtq
1
κ2

, ωtmin “
ωmin

1`κ2ωmint
, ωtmax “ ωmax

1`κ2ωmaxt
. (1.17)

We will justify the existence of functions Ψt, Φt such that

Ψtpxq “

$

&

%

1
2
btmin for x ă 1

2
btmin,

x for x ě btmin,
(1.18)

and

Φtpxq “

$

’

’

’

&

’

’

’

%

1
2
ωtmin for x ă 1

2
ωtmin,

x for x P rωtmin, ω
t
maxs,

2ωtmax for x ą 2ωtmax,

(1.19)
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We further require that the functions Ψt, Φt would also satisfy

0 ď Ψ1
tpxq ď c1, |Ψ

pnq

t pxq| ď cnpbtminq
n´1 for x P R, (1.20)

0 ď Φ1
tpxq ď c1, |Φ

pnq

t pxq| ď cnpωtminq
n´1 for x P R, (1.21)

where, cn ą 0 is a constant independent of x and t.

The function Ψt may be defined as follows. We set fpxq “ e´1{x for x ą 0 and zero

elsewhere. Then we set

ηpxq “
1

c

ż x

0

fpyqfp1 ´ yqdy,

where c “
ş1

0
fpyqfp1 ´ yqdy. The function η is a smooth function, which vanishes for

negative x and is equal to one for x ą 1. Next, we put

hpxq “ p1 ´ ηpxqqfpxq ` ηpxqx.

We see that hpxq “ 0 for x ă 0 and hpxq “ x for x ą 1. Thus, it is clear that

@n P N` Drcn ą 0 such that @x P R |hpnq
pxq| ď rcn.

Now we will verify that function h is non-decreasing. In fact, we only need to check if for

x P p0, 1q

h1
pxq “ p1 ´ ηpxqqe´1{x 1

x2
` ηpxq ` η1

pxqpx ´ e´1{x
q

is non-negative. Indeed, let us recall that 0 ď ηpxq ď 1 and that η is a non-decreasing

function. Also @x P p0, 1q we have x ě e´1{x. Finally, we define

Ψtpxq “
btmin

2
`
btmin

2
h

ˆ

2

btmin

ˆ

x ´
btmin

2

˙˙

. (1.22)

It is clear that for the defined function both (1.18) and (1.20) hold. Now we define Φt in

the following way

Φtpxq “

$

&

%

ωt
min

2
`

ωt
min

4
h
´

4
ωt
min

´

x ´
ωt
min

2

¯¯

for x ă
ωt
min`ωt

max

2

2ωtmax ´
3ωt

max

4
h
´

4
3ωt

max
p2ωtmax ´ xq

¯

for x ě
ωt
min`ωt

max

2

. (1.23)
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We see that for Φtpxq “ x for x P p3
4
ωtmin,

5
4
ωtmaxq. Thus it is clear that Φt is smooth and

that both (1.19) and (1.21) hold. Also in Chapter 2 we will need functions such that

ψtpxq “

$

&

%

0 for x ă 1
2
btmin,

x for x ě btmin,
, ϕtpxq “

$

&

%

0 for x ă 1
2
ωtmin

x for x ě ωtmin

(1.24)

and

ψtpxq ď x for x ě 0, 0 ď ψ1
tpxq ď c0 for x P R, (1.25)

ϕtpxq ď x for x ě 0, 0 ď ϕ1
tpxq ď c0 for x P R (1.26)

for some constant c0. Let us define rhpxq “ ηpxqpx ` 1q. The functions ψt, ϕt can be

defined as follows:

ψtpxq “
btmin

2
rh

ˆ

2

btmin

ˆ

x ´
btmin

2

˙˙

, ϕtpxq “
ωtmin

2
rh

ˆ

2

ωtmin

ˆ

x ´
ωtmin

2

˙˙

. (1.27)

Clearly, the both functions are non-decreasing. Also by recalling ηpxq ď 1 we see that for

x ě 0 we have

ψtpxq “
btmin

2
η

ˆ

2

btmin

ˆ

x ´
btmin

2

˙˙ˆ

2

btmin

ˆ

x ´
btmin

2

˙

` 1

˙

ď x.



Chapter 2

Local in time solution for H2 initial data

In this chapter we prove the existence of local in-time solutions to Kolmogorov’s tur-

bulence model. The existence result is attained for H2 initial data in the periodic setting.

The detailed formulation of the result is given in Theorem 2.1.1. In the proof of the

theorem, the Galerkin method is used. First, the approximation of Kolmogorov’s system

is constructed. Next, uniform estimates of solution are provided. This enables the passage

to the limit in an approximated problem. Finally, the bounds for ω and b are proven.

The result is published in [31].

2.1. Notation and main result.

Assume that Ω “
ś3

i“1p0, Liq, Li, T ą 0 and ΩT “ Ωˆ p0, T q. We shall consider the

problem (1)-(5) in ΩT “ Ω ˆ p0, T q. Constants ν0, κ1, . . . , κ4 are positive. For simplicity,

we assume further that all constants except of κ2 are equal to one. The reason is that the

constant κ2 plays an important role in the a priori estimates.

We shall show the local-in-time existence of a regular solution of problem (1)-(5) under

some assumption imposed on the initial data. Namely, suppose that v0 P 9V2
div, ω0, b0 P V2

for which there exist positive numbers bmin, ωmin, ωmax such that

0 ă bmin ď b0pxq, (2.1)

0 ă ωmin ď ω0pxq ď ωmax (2.2)
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on Ω. Additionally, we define

btmin “
bmin

p1`κ2ωmaxtq
1
κ2

, ωtmin “
ωmin

1`κ2ωmint
,

ωtmax “ ωmax

1`κ2ωmaxt
, µtmin “ 1

4

btmin

ωt
max
.

(2.3)

Now, we introduce the notion of solution to the system (1)-(5). For v0 P 9V2
div, strictly

positive ω0, b0 P V2 and a positive T , functions pv, ω, bq P X pT q are solution to (1)-(5) if

pv,t, wq ´ pv b v,∇wq ` pµDpvq, Dpwqq “ 0 for w P 9V1
div, (2.4)

pω,t, zq ´ pωv,∇zq ` pµ∇ω,∇zq “ ´κ2pω
2, zq for z P V1, (2.5)

pb,t, qq ´ pbv,∇qq ` pµ∇b,∇qq “ ´pbω, qq ` pµ|Dpvq|
2, qq for q P V1 (2.6)

for a.a. t P p0, T q, where µ “ b
ω

and (5) holds. We recall that Dpvq denotes the symmetric

part of ∇v and p¨, ¨q is the inner product in L2pΩq.

Our main result concerning the existence of local in-time regular solutions is as follows.

Theorem 2.1.1. Suppose that ω0, b0 P V2, v0 P 9V2
div and (2.1), (2.2) are satisfied. Then

there exist positive t˚ and pv, ω, bq P X pt˚q such that (2.4)-(2.6) hold for a.a. t P p0, t˚q

and (5) is satisfied. Furthermore, for each px, tq P Ω ˆ r0, t˚q the following estimates

ωmin

1 ` κ2ωmint
ď ωpx, tq ď

ωmax

1 ` κ2ωmaxt
, (2.7)

bmin

p1 ` κ2ωmaxtq
1
κ2

ď bpx, tq (2.8)

hold. The time of the existence of the solution is estimated from below in the following

sense: for each positive δ and compact K Ď tpa, b, cq : 0 ă a ď b, 0 ă cu there exists

positive t˚K,δ, which depends only on κ2,Ω, δ and K such that if

}v0}
2
2,2 ` }ω0}

2
2,2 ` }b0}

2
2,2 ď δ and pωmin, ωmax, bminq P K, (2.9)

then t˚ ě t˚K,δ. The Sobolev norm is defined by (1.1).
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We note that the last part of the theorem is needed for proving the existence of a

global-in-time solution for small data. We address this issue in Chapter 3.

In the next section, we prove the above theorem by applying the Galerkin method

for an appropriate truncated problem. We obtain a priori estimates for the sequence

of approximate solutions and by a weak-compactness argument we get a solution of the

truncated problem. Finally, after proving some bounds for ω and b we deduce that the

obtained solution satisfies the original system of equations.

2.2. Proof of Theorem 2.1.1

The proof of Theorem 2.1.1 is based on the Galerkin method. Hence, we need a

basis of the spaces V1 and 9V1
div. Let twiuiPN be a system of eigenfunctions of the Stokes

operator in 9V1
div, which is complete and orthogonal in 9V1

div and orthonormal in L2pΩq (see

Chap. II.6 in [19]). In particular, twiuiPN are smooth (see formula (6.17), Chap. II in

[19]). We denote by tλiuiPN the corresponding system of eigenvalues. Similarly, let tziuiPN

be a complete and orthogonal system in V1, which is orthonormal in L2pΩq. Set tziuiPN

is composed of eigenvectors of the minus Laplace operator. The system of corresponding

eigenvalues is denoted by tλ̃iuiPN.We shall find approximate solutions of (2.4)-(2.6) in the

following form

vlpt, xq “

l
ÿ

i“1

cliptqwipxq, ωlpt, xq “

l
ÿ

i“1

eliptqzipxq, blpt, xq “

l
ÿ

i“1

dliptqzipxq. (2.10)

We have to determine the coefficients tcliu
l
i“1, teliu

l
i“1 and tdliu

l
i“1. In order to define an

approximate problem we have to introduce a few auxiliary functions. For fixed t ą 0 we

denote by Ψt “ Ψtpxq a smooth function such that

Ψtpxq “

$

&

%

1
2
btmin for x ă 1

2
btmin,

x for x ě btmin,
(2.11)

where btmin is defined by (2.3). We assume that the function Ψt also satisfies

0 ď Ψ1
tpxq ď c0, |Ψ2

t pxq| ď c0pbtminq
´1, (2.12)
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where, c0 is a constant independent of x and t (see Section 1.4 for details i.e. formula

(1.22)). We also introduce the smooth functions Φt, ψt and ϕt:

Φtpxq “

$

’

’

’

&

’

’

’

%

1
2
ωtmin for x ă 1

2
ωtmin,

x for x P rωtmin, ω
t
maxs,

2ωtmax for x ą 2ωtmax,

(2.13)

ψtpxq “

$

&

%

0 for x ă 1
2
btmin,

x for x ě btmin,
(2.14)

ϕtpxq “

$

&

%

0 for x ă 1
2
ωtmin,

x for x ě ωtmin.
(2.15)

We assume that these functions additionally satisfy

0 ď Φ1
tpxq ď c0, |Φ2

t pxq| ď c0pω
t
minq

´1, (2.16)

ψtpxq ď x for x ě 0, 0 ď ψ1
tpxq ď c0 for x P R, (2.17)

ϕtpxq ď x for x ě 0, 0 ď ϕ1
tpxq ď c0 for x P R (2.18)

for some constant c0 (see Section 1.4).

An approximate solution will be found in the form (2.10), where the coefficients tcliu
l
i“1,

teliu
l
i“1 and tdliu

l
i“1 are determined by the following truncated system

pvl,t, wiq ´ pvl b vl,∇wiq `
`

µlDpvlq, Dpwiq
˘

“ 0, (2.19)

pωl,t, ziq ´ pωlvl,∇ziq `
`

µl∇ωl,∇zi
˘

“ ´κ2pϕ
2
t pω

l
q, ziq, (2.20)

pbl,t, ziq ´ pblvl,∇ziq `
`

µl∇bl,∇zi
˘

“ ´pψtpb
l
qϕtpω

l
q, ziq ` pµl|Dpvlq|

2, ziq, (2.21)

clip0q “ pv0, wiq, e
l
ip0q “ pω0, ziq, d

l
ip0q “ pb0, ziq,

where i P t1, . . . , lu and we denote

µl “
Ψtpb

lq

Φtpωlq
. (2.22)
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In the computations below, the exponent l systematically refers to this Galerkin approx-

imation.

Remark 2.2.1. We emphasise that in order to control the second derivatives of approx-

imated solutions we need the conditions (2.12), (2.16)-(2.18). In particular, we can not

apply piecewise linear functions.

Firstly, we note that µl is positive and then by the standard ODE theory the system

(2.19)-(2.21) has a local-in-time solution. Now, we shall obtain an estimate independent

of l.

Lemma 2.2.2. The approximate solution obtained above satisfy the following estimates:

d

dt
}vl}22 ` 2µtmin}Dpvlq}

2
2 ď 0, (2.23)

d

dt
}ωl}22 ` 2µtmin}∇ωl}22 ď 0, (2.24)

d

dt
}bl}22 ` 2µtmin}∇bl}22 ď 2

›

›bl
›

›

8

›

›µl
›

›

8
}∇vl}22, (2.25)

where µtmin is defined by (2.3).

Proof. We multiply (2.19) by cli, sum over i to obtain

1

2

d

dt
}vl}22 ` pµlDpvlq, Dpvlqq “ 0,

where we used (2.10) and the fact that div vl “ 0. Applying the properties of functions

Ψt, Φt and (2.3) we get
1

2

d

dt
}vl}22 ` µtmin}Dpvlq}

2
2 ď 0. (2.26)

Similarly, we multiply (2.20) by eli and obtain

1

2

d

dt
}ωl}22 ` pµl∇ωl,∇ωlq “ ´κ2pϕ2

t pω
l
q, ωlq.

By the properties of ϕt the right-hand side is non-positive, thus we obtain (2.24). Finally,

after multiplying (2.21) by dli we get

1

2

d

dt
}bl}22 ` pµl∇bl,∇blq “ ´pψtpb

l
qϕtpω

l
q, blq ` pµl|Dpvlq|

2, blq.
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We note that ψtpblqϕtpωlqbl ě 0. Hence, we obtain

1

2

d

dt
}bl}22 ` µtmin}∇bl}22 ď pµl|Dpvlq|

2, blq ď
›

›bl
›

›

8

›

›µl
›

›

8
}∇vl}22

and the proof is finished.

We also need the higher-order estimates.

Lemma 2.2.3. There exist positive t˚ and C˚, which depend on bmin, ωmin, ωmax, Ω, κ2,

c0, }v0}2,2, }ω0}2,2 and }b0}2,2 such that for each l P N the following estimate

}vl, ωl, bl}L8p0,t˚;H2pΩqq ` }vl, ωl, bl}L2p0,t˚;H3pΩqq ` }vl,t, ω
l
,t, b

l
,t}L2p0,t˚;H1pΩqq ď C˚ (2.27)

holds.

Furthermore, for each positive δ and compact K Ď tpa, b, cq : 0 ă a ď b, 0 ă cu there

exists a positive t˚K,δ, which depends only on κ2,Ω, δ and K such that if

}v0}
2
2,2 ` }ω0}

2
2,2 ` }b0}

2
2,2 ď δ and pωmin, ωmax, bminq P K,

then t˚ ě t˚K,δ.

Before we pass to the proof of Lemma 2.2.3 we present its idea. First, we test the

equation for an approximate solution by its bi-Laplacian. Next, after integration by parts

we obtain (2.28), (2.29) and (2.30). Further, we apply the lower bound for the ”diffusive

coefficient” µl (see (2.33)) and use the Hölder and Gagliardo-Nirenberg inequalities which

leads to (2.46). To estimate the H2-norm of µl we use the properties of Ψt and Φt.

After applying the energy estimates from Lemma 2.2.2 we obtain (2.57), which leads to a

uniform bound of the H2-norm of the sequence of approximate solutions on the interval

p0, t˚q for some positive t˚ (see (2.61)). Immediately it gives a bound in L2p0, T,H3pΩqq.

The last step is an l-independent estimate of the time derivative of the approximate

solution.

Proof. We multiply the equality (2.19) by λ2i cli and sum over i

pvl,t,∆
2vlq ´ pvl b vl,∇∆2vlq ` pµlDpvlq, Dp∆2vlqq “ 0.
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After integrating by parts we obtain

pvl,t,∆
2vlq “

1

2

d

dt
}∆vl}22,

pvl b vl,∇∆2vlq “ p∆pvl b vlq,∇∆vlq,

pµlDpvlq, Dp∆2vlqq “ p∆µlDpvlq,∆Dpvlqq ` 2p∇µl ¨ ∇Dpvlq,∆Dpvlqq

` pµl∆Dpvlq,∆Dpvlqq.

Thus, we get

1

2

d

dt
}∆vl}22 `

ż

Ω

µl|∆Dpvlq|
2dx “ p∆pvl b vlq,∇∆vlq ´ p∆µlDpvlq,∆Dpvlqq

´ 2p∇µl ¨ ∇Dpvlq,∆Dpvlqq.

We estimate the right-hand side

|p∆pvl b vlq,∇∆vlq| ď Cp
›

›vl
›

›

8

›

›∇2vl
›

›

2

›

›∇3vl
›

›

2
` }∇vl}24

›

›∇3vl
›

›

2
q.

Proceeding analogously we obtain

1

2

d

dt
}∆vl}22 `

ż

Ω

µl|∆Dpvlq|
2dx ď Cp

›

›vl
›

›

8

›

›∇2vl
›

›

2

›

›∇3vl
›

›

2
` }∇vl}24

›

›∇3vl
›

›

2
q

`

´

›

›∆µlDpvlq
›

›

2
` 2

›

›∇µl ¨ ∇Dpvlq
›

›

2

¯

›

›∆Dpvlq
›

›

2
.

(2.28)

Now, we multiply the equation (2.20) by λ̃2i eli and obtain

pωl,t,∆
2ωlq ´ pωlvl,∇∆2ωlq `

`

µl∇ωl,∇∆2ωl
˘

“ ´κ2pϕ
2
t pω

l
q,∆2ωlq.

After integrating by parts we get

pωl,t,∆
2ωlq “

1

2

d

dt
}∆ωl}22,

pωlvl,∇∆2ωlq “ p∆ωlvl,∇∆ωlq ` 2p∇vl∇ωl,∇∆ωlq ` pωl∆vl,∇∆ωlq,

`

µl∇ωl,∇∆2ωl
˘

“
`

∆µl∇ωl,∇∆ωl
˘

` 2
`

∇2ωl∇µl,∇∆ωl
˘

`
`

µl∇∆ωl,∇∆ωl
˘

,

´pϕ2
t pω

l
q,∆2ωlq “ 2

`

ϕtpω
l
qϕ1

tpω
l
q∇ωl,∇∆ωl

˘

.
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Thus, we may write

1

2

d

dt
}∆ωl}22 `

ż

Ω

µl
ˇ

ˇ∇∆ωl
ˇ

ˇ

2
dx ď

`›

›∆ωlvl
›

›

2
` 2

›

›∇vl∇ωl
›

›

2
`
›

›ωl∆vl
›

›

2

`
›

›∆µl∇ωl
›

›

2
` 2

›

›∇2ωl∇µl
›

›

2
` 2κ2

›

›ϕtpω
l
qϕ1

tpω
l
q∇ωl

›

›

2

˘
›

›∇∆ωl
›

›

2
.

(2.29)

Finally, after multiplying (2.21) by λ̃2i dli we obtain

pbl,t,∆
2blq ´ pblvl,∇∆2blq `

`

µl∇bl,∇∆2bl
˘

“ ´pψtpb
l
qϕtpω

l
q,∆2blq ` pµl|Dpvlq|

2,∆2blq.

We deal with the terms on the left-hand side as earlier and for the right-hand side terms

we get

´pψtpb
l
qϕtpω

l
q,∆2blq “

`

ψ1
tpb

l
qϕtpω

l
q∇bl,∇∆bl

˘

`
`

ψtpb
l
qϕ1

tpω
l
q∇ωl,∇∆bl

˘

,

pµl|Dpvlq|
2,∆2blq “ ´p|Dpvlq|

2∇µl,∇∆blq ´ pµl∇p|Dpvlq|
2
q,∇∆blq.

Therefore, we obtain the inequality

1

2

d

dt
}∆bl}22 `

ż

Ω

µl
ˇ

ˇ∇∆bl
ˇ

ˇ

2
dx ď

´

›

›∆blvl
›

›

2
` 2

›

›∇vl∇bl
›

›

2
`
›

›bl∆vl
›

›

2

`
›

›∆µl∇bl
›

›

2
` 2

›

›∇2bl∇µl
›

›

2
`
›

›ϕtpω
l
qψ1

tpb
l
q∇bl

›

›

2

`
›

›ψtpb
l
qϕ1

tpω
l
q∇ωl

›

›

2
`

›

›

›
∇µl

ˇ

ˇDpvlq
ˇ

ˇ

2
›

›

›

2
` 2

›

›µl|Dpvlq||∇Dpvlq|
›

›

2

¯

›

›∇∆bl
›

›

2
.

(2.30)

We note that
ż

Ω

ˇ

ˇ∆Dpvlq
ˇ

ˇ

2
dx “

1

2

ż

Ω

ˇ

ˇ∇3vl
ˇ

ˇ

2
dx. (2.31)

Indeed, integration by parts yields

2

ż

Ω

ˇ

ˇ∆Dpvlq
ˇ

ˇ

2
dx “

ÿ

k,m

ż

Ω

ˇ

ˇ∆vlk,xm
ˇ

ˇ

2
dx `

ż

Ω

∆vlk,xm ¨ ∆vlm,xkdx

“
ÿ

k,m,p,q

ż

Ω

vlk,xmxpxp ¨ vlk,xmxqxqdx `
ÿ

k,m,p,q

ż

Ω

∆vlk,xk ¨ ∆vlm,xmdx

“
ÿ

k,m,p,q

ż

Ω

ˇ

ˇ

ˇ
vlk,xmxpxq

ˇ

ˇ

ˇ

2

dx,
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where we applied the condition div vl “ 0 and used the tensor notation for components

and derivatives. Also by the same argument the following holds

}∆vl}22 “ }∇2vl}22. (2.32)

After applying (2.3), (2.11), (2.13) and (2.22) we get

µtmin ď µl (2.33)

for each l. Thus, (2.28) together with (2.31) and (2.33) give

d

dt
}∆vl}22 ` µtmin}∆Dpvlq}

2
2 ď

C

µtmin

´

}vl}28}∇2vl}22 ` }∇vl}44 ` }∆µlDpvlq}
2
2

` }∇µl ¨ ∇Dpvlq}
2
2

¯

.

(2.34)

Applying the Sobolev embedding inequality and the Gagliardo-Nirenberg interpolation

inequality
›

›∇vl
›

›

8
ď C1

›

›∇2vl
›

›

4
ď C

›

›∇3vl
›

›

3
4

2
}∇vl}

1
4
6 (2.35)

we get

}∆µlDpvlq}
2
2 ď }∆µl}22}Dpvlq}

2
8 ď C

›

›∇3vl
›

›

3
2

2
}vl}

1
2
2,2}µl}22,2,

where C depends only on Ω. Thus, applying the Young inequality with exponents p4
3
, 20, 5q

we get

}∆µlDpvlq}
2
2 ď ε}∇3vl}22 `

C

ε3
p}vl}102,2 ` }µl}102,2q, (2.36)

Again, by the Gagliardo-Nirenberg inequality

}∇2vl}3 ď C
›

›∇3vl
›

›

1
2

2

›

›∇2vl
›

›

1
2

2
(2.37)

and the Hölder inequality we have

}∇µl ¨ ∇Dpvlq}
2
2 ď }∇µ}

2
6}∇2vl}23 ď C

›

›∇3vl
›

›

2
}vl}2,2}µ

l
}
2
2,2.

Thus, applying the Young inequality with exponents p2, 6, 3q we get

}∇µl ¨ ∇Dpvlq}
2
2 ď ε}∇3vl}22 `

C

ε
p}vl}62,2 ` }µl}62,2q, (2.38)
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where ε ą 0 and C depends only on Ω. Applying the above inequalities and (2.31), (2.32)

in (2.34) we obtain

d

dt
}∇2vl}22 `

µtmin

4
}∇3vl}22 ď

C

µtmin

´

}vl}42,2 ` pµtminq
´2

p}vl}62,2 ` }µl}62,2q

` pµtminq
´6

p}vl}102,2 ` }µl}102,2q

¯

,

(2.39)

where C “ CpΩq. Now, we proceed similarly with (2.29) and we obtain

d

dt
}∆ωl}22 ` µtmin}∇∆ωl}22 ď

C

µtmin

´

}vl}28}∇2ωl}22 ` }∇vl}24}∇ωl}24 ` }ωl}28}∇2vl}22

` }∆µl∇ωl}22 ` }∇2ωl∇µl}22 ` κ22c
2
0}ω

l
}
2
8}∇ωl}22

¯

,

(2.40)

where we applied (2.18). We repeat the reasoning, which leads to (2.36), (2.38) and get

}∆µl∇ωl}22 ď ε}∇3ωl}22 `
C

ε3
p}ωl}102,2 ` }µl}102,2q,

}∇2ωl∇µl}22 ď ε}∇3ωl}22 `
C

ε
p}ωl}62,2 ` }µl}62,2q.

Thus, the above inequalities and (2.40) give

d

dt
}∇2ωl}22 `

µtmin

2
}∇3ωl}22 ď

C

µtmin

´

}vl}42,2 ` p1 ` κ42c
4
0q}ωl}42,2

` pµtminq
´2

p}ωl}62,2 ` }µl}62,2q ` pµtminq
´6

p}ωl}102,2 ` }µl}102,2q
¯

,

(2.41)

where C “ CpΩq. Further, from (2.30) we obtain

d

dt
}∆bl}22 ` µtmin}∇∆bl}22 ď

C

µtmin

´

}vl}28}∇2bl}22 ` }∇vl}24}∇bl}24 ` }bl}28}∇2vl}22

` }∆µl∇bl}22 ` }∇2bl∇µl}22 ` c20}ω
l
}
2
8}∇bl}22

` c20}b
l
}
2
8}∇ωl}22 ` }∇µl|Dpvlq|

2
}
2
2 ` }µl|Dpvlq||∇Dpvlq|}

2
2

¯

,

where we used (2.17) and (2.18). Applying the Hölder inequality, the Young inequality

and the Sobolev embedding theorem we get

d

dt
}∇2bl}22 ` µtmin}∇3bl}22 ď

C

µtmin

´

}vl}42,2 ` }bl}42,2 ` }∆µl∇bl}22 ` }∇2bl∇µl}22

` c40}ωl}42,2 ` }µl}62,2 ` }vl}62,2 ` }∇2vl}23}µ
l
}
2
2,2}v

l
}
2
2,2

¯

.

(2.42)
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Applying again the Gagliardo-Nirenberg inequality and the Young inequality we get

}∆µl∇bl}22 ď ε}∇3bl}22 `
C

ε3
p}bl}102,2 ` }µl}102,2q,

}∇2bl∇µl}22 ď ε}∇3bl}22 `
C

ε
p}bl}62,2 ` }µl}62,2q.

From (2.37) we obtain

}∇2vl}23}v
l
}
2
2,2}µ

l
}
2
2,2 ď C

›

›∇3vl
›

›

2
}vl}32,2}µl}22,2 ď ε}∇3vl}22 `

C

ε
p}vl}102,2 ` }µl}102,2q.

Based on (2.42) we deduce the following estimate

d

dt
}∇2bl}22 `

µtmin

2
}∇3bl}22 ď

C

µtmin

´

}vl}42,2 ` }bl}42,2 ` c40}ω
l
}
4
2,2 ` }µl}62,2 ` }vl}62,2

¯

`
C

pµtminq3

´

}bl}62,2 ` }µl}62,2 ` }vl}102,2 ` }µl}102,2

¯

`
C

pµtminq7

´

}bl}102,2 ` }µl}102,2

¯

`
µtmin

8
}∇3vl}22,

(2.43)

where C “ CpΩq. We sum the inequalities (2.39), (2.41), (2.43) and we obtain

d

dt

´

}∇2vl}22 ` }∇2ωl}22 ` }∇2bl}22

¯

`
µtmin

8

´

}∇3vl}22 ` }∇3ωl}22 ` }∇3bl}22

¯

ď
C

µtmin

´

}vl}42,2 ` }bl}42,2 ` p1 ` c40 ` c40κ
4
2q}ωl}42,2 ` }µl}62,2 ` }vl}62,2

¯

`
C

pµtminq3

´

}vl}62,2 ` }bl}62,2 ` }ωl}62,2 ` }µl}62,2 ` }vl}102,2 ` }µl}102,2

¯

`
C

pµtminq7

´

}vl}102,2 ` }ωl}102,2 ` }bl}102,2 ` }µl}102,2

¯

(2.44)

for some C, which depends only on Ω. We note that

µtmin “
1

4

bmin

ωmax

p1 ` κ2ωmaxtq
1´ 1

κ2 . (2.45)

Hence, we have

d

dt

´

}∇2vl}22 ` }∇2ωl}22 ` }∇2bl}22

¯

`
µtmin

8

´

}∇3vl}22 ` }∇3ωl}22 ` }∇3bl}22

¯

ď CKpbmin, ωmaxq p1 ` κ2ωmaxtq
β
´

1 ` }bl}102,2 ` }ωl}102,2 ` }µl}102,2 ` }vl}102,2

¯

,

(2.46)
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where Kpbmin, ωmaxq “ ωmax

bmin
`

´

ωmax

bmin

¯3

`

´

ωmax

bmin

¯7

, β “ maxt 1
κ2

´ 1, 3
κ2

´ 3, 7
κ2

´ 7u and C

depends only on Ω, c0 and κ2.

Now, we shall estimate µl in terms of ωl and bl. Firstly, we note that from (2.11) and

(2.13) we have

Ψtpb
l
q ď

1

2
btmin ` |bl|, Φtpω

l
q ě

1

2
ωtmin. (2.47)

Hence, by definition (2.22) we get

0 ă µl ď 2pωtminq
´1

ˆ

1

2
bmin ` |bl|

˙

“
1

ωmin

p1 ` κ2ωmintq
`

bmin ` 2|bl|
˘

. (2.48)

Thus, we obtain
›

›µl
›

›

2
ď

c1
ωmin

p1 ` κ2ωmintq pbmin `
›

›bl
›

›

2
q, (2.49)

where c1 depends only on Ω. Now, we have to estimate the derivatives of µl. Direct

calculation gives

|∇2µl| “
ˇ

ˇ∇2
`

Ψtpb
l
q ¨ pΦtpω

l
qq

´1
˘ˇ

ˇ

ď pΦtpω
l
qq

´1
ˇ

ˇ∇2
pΨtpb

l
qq
ˇ

ˇ ` 2pΦtpω
l
qq

´2
ˇ

ˇ∇pΨtpb
l
qq
ˇ

ˇ

ˇ

ˇ∇pΦtpω
l
qq
ˇ

ˇ

` 2Ψtpb
l
qpΦtpω

l
qq

´3
ˇ

ˇ∇pΦtpω
l
qq
ˇ

ˇ

2
` Ψtpb

l
qpΦtpω

l
qq

´2
ˇ

ˇ∇2
pΦtpω

l
qq
ˇ

ˇ .

(2.50)

Using (2.12) and (2.16) we may estimate the derivatives

ˇ

ˇ∇pΨtpb
l
qq
ˇ

ˇ ď c0
ˇ

ˇ∇bl
ˇ

ˇ ,
ˇ

ˇ∇pΦtpω
l
qq
ˇ

ˇ ď c0
ˇ

ˇ∇ωl
ˇ

ˇ , (2.51)

ˇ

ˇ∇2pΨtpb
lqq
ˇ

ˇ ď c0pb
t
minq´1

ˇ

ˇ∇bl
ˇ

ˇ

2
` c0

ˇ

ˇ∇2bl
ˇ

ˇ ,

ˇ

ˇ∇2pΦtpω
lqq
ˇ

ˇ ď c0pωtminq´1
ˇ

ˇ∇ωl
ˇ

ˇ

2
` c0

ˇ

ˇ∇2ωl
ˇ

ˇ .

(2.52)

If we apply estimates (2.47), (2.51) and (2.52) in (2.50) then we obtain

ˇ

ˇ∇2µl
ˇ

ˇ ď c2Q1 p1 ` κ2ωmaxtq
maxt3,1` 1

κ2
u
”

ˇ

ˇ∇bl
ˇ

ˇ

2
`
ˇ

ˇ∇2bl
ˇ

ˇ ` |bl|
ˇ

ˇ∇ωl
ˇ

ˇ

2

`
ˇ

ˇ∇bl
ˇ

ˇ `
ˇ

ˇ∇ωl
ˇ

ˇ `
ˇ

ˇ∇ωl
ˇ

ˇ

2
`
ˇ

ˇbl∇2ωl
ˇ

ˇ `
ˇ

ˇ∇2ωl
ˇ

ˇ

ı

,
(2.53)
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where c2 depends only on c0 and Q1 “
bmin

ωmin

`

1 ` b´3
min ` ω´3

min

˘

. Thus we get

›

›∇2µl
›

›

2
ď c2Q1 p1 ` κ2ωmaxtq

maxt3,1` 1
κ2

u
“

}∇bl}24 `
›

›∇2bl
›

›

2

`
›

›bl
›

›

8
}∇ωl}24 ` }∇ωl}24 `

›

›∇2ωl
›

›

2
`
›

›bl
›

›

8

›

›∇2ωl
›

›

2

‰

.
(2.54)

If we take into account (2.49) then we get

}µl}2,2 ď c3Q1 p1 ` κ2ωmaxtq
maxt3,1` 1

κ2
u
`

}bl}32,2 ` }ωl}32,2 ` 1
˘

, (2.55)

where c3 “ c3pc0,Ωq. Applying the above estimate in (2.46) we obtain

d

dt

´

}∇2vl}22 ` }∇2ωl}22 ` }∇2bl}22

¯

`
µtmin

8

´

}∇3vl}22 ` }∇3ωl}22 ` }∇3bl}22

¯

ď CQ2 p1 ` κ2ωmaxtq
β̄
´

1 ` }vl}22,2 ` }bl}22,2 ` }ωl}22,2

¯15

,

(2.56)

where

Q2 “

«

1 `

ˆ

ωmax

bmin

˙7
ff«

ˆ

bmin

ωmin

p1 ` b´3
min ` ω´3

minq

˙10

` 1

ff

, β̄ “ 10maxt1 `
1

κ2
, 3u ` β

and C depends only on Ω, c0 and κ2. If we take into account the estimates (2.23)-(2.25)

then we have

d

dt

´

}vl}22,2 ` }ωl}22,2 ` }bl}22,2

¯

`
µtmin

8

´

}vl}23,2 ` }ωl}23,2 ` }bl}23,2

¯

ď CQ3 p1 ` κ2ωmaxtq
β̄
´

1 ` }vl}22,2 ` }bl}22,2 ` }ωl}22,2

¯15

,

(2.57)

where C “ Cpc0,Ω, κ2q and Q3 “ Q2
1 ` Q2 ` 1. If we divide both sides by the last term

and next integrate with respect to the time variable, we get

´

1 ` }vlptq}
2
2,2 ` }blptq}

2
2,2 ` }ωlptq}

2
2,2

¯´14

ě

´

1 ` }vlp0q}
2
2,2 ` }blp0q}

2
2,2 ` }ωlp0q}

2
2,2

¯´14

´
14CQ3

pβ̄ ` 1qκ2ωmax

´

p1 ` κ2ωmaxtq
β̄`1

´ 1
¯

ě

´

1 ` }v0}
2
2,2 ` }b0}

2
2,2 ` }ω0}

2
2,2

¯´14

´
14CQ3

pβ̄ ` 1qκ2ωmax

´

p1 ` κ2ωmaxtq
β̄`1

´ 1
¯

, (2.58)
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where the last estimate is a consequence of the Bessel inequality. Now, we define time t˚

as the unique solution of the equality

´

1 ` }v0}
2
2,2 ` }b0}

2
2,2 ` }ω0}

2
2,2

¯´14

“
15CQ3

pβ̄ ` 1qκ2ωmax

´

p1 ` κ2ωmaxt
˚
q
β̄`1

´ 1
¯

. (2.59)

We note that t˚ is positive and depends on }v0}
2
2,2 ` }b0}22,2 ` }ω0}

2
2,2, κ2, Ω, c0, ωmin,

ωmax and bmin. It is evident that t˚ is decreasing function of }v0}22,2 ` }b0}
2
2,2 ` }ω0}

2
2,2.

Moreover, for any δ ą 0 and compact K Ď tpa, b, cq : 0 ă a ď b, 0 ă cu there exists

t˚K,δ ą 0 such that t˚ ě t˚K,δ for any initial data satisfying }v0}22,2 ` }b0}
2
2,2 ` }ω0}

2
2,2 ď δ

and pωmin, ωmax, bminq P K. From (2.59) we deduce that t˚K,δ depends only on δ, K, Ω κ2

and c0.

From (2.58), (2.59) and the fact that β̄ ` 1 ą 0 we have

´

1 ` }vlptq}
2
2,2 ` }blptq}

2
2,2 ` }ωlptq}

2
2,2

¯´14

ě
CQ3

pβ̄ ` 1qκ2ωmax

´

p1 ` κ2ωmaxt
˚
q
β̄`1

´ 1
¯

for t P r0, t˚s. Hence,

}vlptq}
2
2,2 ` }blptq}

2
2,2 ` }ωlptq}

2
2,2 ď

„

CQ3

pβ̄ ` 1qκ2ωmax

´

p1 ` κ2ωmaxt
˚
q
β̄`1

´ 1
¯

ȷ´ 1
14

(2.60)

for t P r0, t˚s. In particular, there exists C˚ “ C˚pt˚q such that

}vl}L8p0,t˚; 9V2
divq

` }ωl}L8p0,t˚;V2q ` }bl}L8p0,t˚;V2q ď C˚ (2.61)

uniformly with respect to l P N. Next, from (2.45), (2.57) and (2.61) the bound follows

}vl}L2p0,t˚; 9V3
divq

` }ωl}L2p0,t˚;V3q ` }bl}L2p0,t˚;V3q ď C˚, (2.62)

where C˚ depends on t˚, κ2, bmin, ωmax and C˚. It remains to show the estimate of the

time derivative of the solution. We do this by multiplying the equality (2.19) by d
dt
cli and

after summing it over i we get

pvl,t, v
l
,tq ´ pvl b vl,∇vl,tq ` pµlDpvlq, Dpvl,tqq “ 0.
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Thus, after integration by parts and applying the Hölder inequality, we get

}vl,t}
2
2 ď

›

›divpvl b vlq
›

›

2

›

›vl,t
›

›

2
`
›

›∇
`

µlDpvlq
˘
›

›

2

›

›vl,t
›

›

2
.

By applying the Young inequality we get

}vl,t}
2
2 ď Cp} divpvl b vlq}

2
2 ` }∇

`

µlDpvlq
˘

}
2
2q.

Next, the Hölder inequality gives us

}vl,t}
2
2 ď C

´

}∇vl}24}vl}24 ` }∇µl}24}Dpvlq}
2
4 `

›

›µl
›

›

2

8
}∇Dpvlq}

2
2

¯

.

Finally, the Sobolev embedding theorem leads us to the following inequality

}vl,t}
2
2 ď C

´

}vl}42,2 ` }µl}22,2}vl}22,2

¯

,

where C depends only on Ω. Applying (2.55) and (2.61) we get

}vl,t}L8p0,t˚;L2pΩqq ď C˚, (2.63)

where C˚ depends on Ω, c0, t
˚, κ2, bmin, ωmax and C˚.

Now, we shall consider (2.20). Proceeding as before we get

}ωl,t}
2
2 ď Cp}∇ωl ¨ vl}22 ` }∇pµl∇ωlq}

2
2 ` κ2}ϕ

2
t pω

l
q}

2
2q

ď Cp}vl}28}∇ωl}22 ` }∇µl}24}∇ωl}24 ` }µl}28}∇2ωl}22 ` κ2}ω
l
}
4
4q,

where we applied (2.18). Thus, using (2.55) and (2.61) we obtain

}ωl,t}L8p0,t˚;L2pΩqq ď C˚, (2.64)

where C˚ is as before. It remains to deal with (2.21). In a similar way, we obtain

}bl,t}
2
2 ď Cp}∇blvl}22 ` }∇pµl∇blq}

2
2 ` }ψtpb

l
qϕtpω

l
q}

2
2 ` }µl|Dpvlq|

2
}
2
2q

ď Cp}∇bl}22}vl}28 ` }∇µl}24}∇bl}24 ` }µl}28}∇2bl}22 ` }bl}28}ωl}22 ` }µl}28}∇vl}44q.
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Applying again (2.55) and (2.61) we obtain

}bl,t}L8p0,t˚;L2pΩqq ď C˚, (2.65)

where C˚ depends on Ω, c0, t
˚, κ2, bmin, ωmax and C˚.

Now, we prove the higher-order estimates for the time derivative of the approximate

solution. Firstly, we multiply the equality (2.19) by λi ddtc
l
i and sum over i

pvl,t,´∆vl,tq ` pvl b vl,∇∆vl,tq ´ pµlDpvlq, Dp∆vl,tqq “ 0.

After integration by parts we get

}∇vl,t}22 “ ´
`

∆
`

vl b vl
˘

,∇vl,t
˘

`
`

∆
`

µlDpvlq
˘

, Dpvl,tq
˘

.

If we apply the Hölder and Young inequalities, then we get

}∇vl,t}22 ď Cp
›

›∆
`

vl b vl
˘
›

›

2

2
`
›

›∆
`

µlDpvlq
˘
›

›

2

2
q,

where we used the equality 2}Dpvl,tq}22 “ }∇vl,t}22. We estimate further

}∇vl,t}22 ď Cp
›

›vl
›

›

2

8

›

›∇2vl
›

›

2

2
` }∇vl}44 `

›

›µl
›

›

2

8

›

›∆Dpvlq
›

›

2

2
q

` }∇µl}23}∇Dpvlq}
2
6 `

›

›∆µl
›

›

2

2

›

›Dpvlq
›

›

2

8
q.

Using the Sobolev embedding we obtain

}∇vl,t}22 ď C
´

}vl}42,2 ` }µl}22,2}v
l
}
2
3,2

¯

,

where C depends only on Ω. Applying (2.55), (2.61) and (2.62) we get

}∇vl,t}L2p0,t˚;L2pΩq ď C˚, (2.66)

where C˚ depends on c0,Ω, t˚, κ2, bmin, ωmax and C˚. Proceeding analogously we get

}∇ωl,t}L2p0,t˚;L2pΩqq ď C˚. (2.67)
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It remains to estimate ∇bl,t. Multiplying the equality (2.21) by λ̃i ddtd
l
i and summing over

i, we obtain

pbl,t,´∆bl,tq ` pblvl,∇∆bl,tq ´
`

µl∇bl,∇∆bl,t
˘

“ pψtpb
l
qϕtpω

l
q,∆bl,tq ´ pµl|Dpvlq|

2,∆bl,tq.

Integrating by parts and using the Hölder inequality yields

}∇bl,t}22 ď Cp
›

›∆
`

blvl
˘›

›

2

›

›∇bl,t
›

›

2
`
›

›∆
`

µl∇bl
˘›

›

2

›

›∇bl,t
›

›

2

`
›

›∇
`

ψtpb
l
qϕtpω

l
q
˘
›

›

2

›

›∇bl,t
›

›

2
`
›

›∇
`

µl|Dpvlq|
2
˘
›

›

2

›

›∇bl,t
›

›

2
q.

After applying the Young inequality we get

}∇bl,t}22 ď Cp
›

›∆
`

blvl
˘
›

›

2

2
`
›

›∆
`

µl∇bl
˘
›

›

2

2
`
›

›∇
`

ψtpb
l
qϕtpω

l
q
˘
›

›

2

2
`
›

›∇
`

µl|Dpvlq|
2
˘
›

›

2

2
q.

Using the Hölder inequality we obtain

}∇bl,t}22 ď Cp
›

›∆bl
›

›

2

2

›

›vl
›

›

2

8
` }∇bl}24}∇vl}24 `

›

›bl
›

›

2

8

›

›∇2vl
›

›

2

2

`
›

›∆µl
›

›

2

2

›

›∇bl
›

›

2

8
` }∇µl}24}∇2bl}24 `

›

›µl
›

›

2

8

›

›∇∆bl
›

›

2

2

`
›

›∇pψtpb
l
qq
›

›

2

2

›

›ϕtpω
l
q
›

›

2

8
`
›

›ψtpb
l
q
›

›

2

8

›

›∇pϕtpω
l
qq
›

›

2

2

` }∇µl}26}Dpvlq}
4
6 `

›

›µl
›

›

2

8
}Dpvlq}

2
3}∇Dpvlq}

2
6q.

(2.68)

Applying (2.17) and (2.18) gives
›

›ψtpb
lq
›

›

8
ď
›

›bl
›

›

8
,

›

›ψtpω
lq
›

›

8
ď
›

›ωl
›

›

8
and

›

›∇pϕtpω
l
qq
›

›

2
“
›

›ϕ1
tpω

l
q∇ωl

›

›

2
ď c0

›

›∇ωl
›

›

2
,

›

›∇pψtpω
l
qq
›

›

2
“
›

›ψ1
tpb

l
q∇ωl

›

›

2
ď c0

›

›∇bl
›

›

2
.

Using these inequalities in (2.68) we obtain

}∇bl,t}22 ď C
´

}bl}22,2}vl}22,2 ` }µl}22,2}b
l
}
2
3,2 ` }∇bl}22}ωl}22,2 ` }∇ωl}22}bl}22,2

` }µl}22,2}v
l
}
4
2,2 ` }µl}22,2}vl}22,2}vl}23,2

¯

,

where C “ CpΩ, c0q. Finally, from (2.55), (2.61) and (2.62) it follows that

}∇bl,t}L2p0,t˚;L2pΩqq ď C˚, (2.69)
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where C˚ depends on c0,Ω, t˚, κ2, bmin, ωmax and C˚. The estimates (2.61)-(2.65), (2.66),

(2.67) and (2.69) give (2.27) and the proof of lemma 2.2.3 is finished.

Now, we sketch the idea of the remaining part of the proof of theorem 2.1.1. From the

l-independent estimate (2.27) we deduce the existence of a subsequence, which converges

weakly in some spaces (see (2.70)-(2.72)). Next, by applying the Aubin-Lions lemma we

get the strong convergence of the approximate solution (see (2.73), (2.74)). Further, we

prove the convergence of the ”diffusive coefficient” µl (2.76), which allows us to take the

limit in the approximate problem. As a result, we obtain (2.77)-(2.79). In the last step, we

prove a series of inequalities (2.80)-(2.82), (2.84), (2.86), which show that the truncated

problem is, in fact, the original one.

Having the estimate (2.27) from Lemma 2.2.3 we may apply the weak-compactness

argument to the sequence of approximate solutions and we obtain a subsequence (still

enumerated by superscript l) weakly convergent in appropriate spaces. To be more precise,

there exist v, ω and b such that

v P L2
p0, t˚; 9V3

divq X L8
p0, t˚; 9V2

divq, v,t P L2
p0, t˚;H1

pΩqq,

ω, b P L2
p0, t˚;V3

q X L8
p0, t˚;V2

q, ω,t, b,t P L2
p0, t˚;H1

pΩqq

and

vl á v in L2
p0, t˚; 9V3

divq, vl
˚

á v in L8
p0, t˚; 9V2

divq, vl,t á v,t in L2
p0, t˚;H1

pΩqq, (2.70)

pωl, blq á pω, bq in L2
p0, t˚;V3

q, pωl, blq
˚

á pω, bq in L8
p0, t˚;V2

q, (2.71)

pωl,t, b
l
,tq á pω,t, b,tq in L2

p0, t˚;H1
pΩqq. (2.72)

Thus, by the Aubin-Lions lemma, there exists a subsequence (again denoted by l) such

that

pvl, ωl, blq ÝÑ pv, ω, bq in L2
p0, t˚;Hs

pΩqq for s ă 3, (2.73)

and

pvl, ωl, blq ÝÑ pv, ω, bq in Cpr0, t˚s;Hq
pΩqq for q ă 2. (2.74)
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We note that from (2.74) for some λ ą 0 it follows

pvl, ωl, blq ÝÑ pv, ω, bq in Cpr0, t˚s;C0,λ
pΩqq. (2.75)

Now, we characterise the limits of nonlinear terms. Firstly, we note that for a fixed px, tq

we may write

Ψtpb
l
px, tqq ´ Ψtpbpx, tqq “

ż 1

0

d

ds

“

Ψt

`

sblpx, tq ` p1 ´ sqbpx, tq
˘‰

ds

“

ż 1

0

Ψ1
tpsb

l
px, tq ` p1 ´ sqbpx, tqqds ¨ rblpx, tq ´ bpx, tqs.

Taking into account (2.12) we get

|Ψtpb
l
px, tqq ´ Ψtpbpx, tqq| ď c0|blpx, tq ´ bpx, tq|.

Similarly, we obtain

|Φtpω
l
px, tqq ´ Φtpωpx, tqq| ď c0|ω

l
px, tq ´ ωpx, tq|.

and

|Ψtpbpx, tqq| ď c0p|bpx, tq| ` btminq.

Therefore, applying (2.13) we obtain

ˇ

ˇ

ˇ

ˇ

Ψtpb
lq

Φtpωlq
´

Ψtpbq

Φtpωq

ˇ

ˇ

ˇ

ˇ

ď 4pωtminq
´2

“

|Φtpωq||Ψtpb
l
q ´ Ψtpbq| ` |Ψtpbq||Φtpωq ´ Φtpω

l
q|
‰

ď Cpc0qpωtminq
´2

“

2ωmax|bl ´ b| ` p|b| ` btminq|ω ´ ωl|
‰

.

From (2.75) and the above estimate we have

µl ÝÑ µΨtΦt ”
Ψtpbq

Φtpωq
uniformly on Ω ˆ r0, t˚s. (2.76)

Now, we shall take the limit l Ñ 8 in the system (2.19)-(2.21). First, we multiply (2.19)

by ai and sum over i P t1, . . . , lu and after integrating with respect to time variable we

get
ż t

0

pvl,t, wqdt ´

ż t

0

pvl b vl,∇wqdt `

ż t

0

`

µlDpvlq, Dpwq
˘

dt “ 0,
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where w “
l
ř

i“1

aiwi and t P p0, t˚q. Hence (2.72), (2.74) and (2.76) imply that

ż t

0

pv,t, wqdt ´

ż t

0

pv b v,∇wqdt `

ż t

0

pµΨtΦtDpvq, Dpwqq dt “ 0

for t P p0, t˚q and w “
l
ř

i“1

aiwi. By the density argument, the above identity holds for

w P 9V1
div. As a consequence, we obtain

ż t2

t1

pv,t, wqdt ´

ż t2

t1

pv b v,∇wqdt `

ż t2

t1

pµΨtΦtDpvq, Dpwqq dt “ 0

for 0 ă t1 ă t2 ă t˚ and w P 9V1
div. After dividing the both sides by |t2 ´ t1| and taking

the limit t2 Ñ t1 we get

pv,t, wq ´ pv b v,∇wq ` pµΨtΦtDpvq, Dpwqq “ 0 for w P 9V1
div (2.77)

for a.a. t P p0, t˚q. Further, we have

ψtpb
l
q ÝÑ ψtpbq, ϕtpω

l
q ÝÑ ϕtpωq uniformly on Ω ˆ r0, t˚s.

Thus, using (2.20) and (2.21) and arguing as earlier we obtain

pω,t, zq ´ pωv,∇zq ` pµΨtΦt∇ω,∇zq “ ´κ2pϕ
2
t pωq, zq for z P V1, (2.78)

pb,t, qq´pbv,∇qq`pµΨtΦt∇b,∇qq “ ´pψtpbqϕtpωq, qq`pµΨtΦt |Dpvq|
2 , qq for q P V1 (2.79)

for a.a. t P p0, t˚q.

Now, we shall prove the bounds for b and ω. The proof is similar to one found in [36].

We denote by b` (b´) the positive (negative resp.) part of b. Then b “ b` ` b´. We shall

show that

b ě 0 in Ω ˆ r0, t˚s. (2.80)

For this purpose we test the equation (2.79) by b´ and obtain

pb,t, b´q ´ pbv,∇b´q ` pµΨtΦt∇b,∇b´q “ ´pψtpbqϕtpωq, b´q ` pµΨtΦt |Dpvq|
2 , b´q.
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We note that from (2.76) we have 0 ď µΨtΦt and by (2.14) we obtain ψtpbqb´ ” 0. Thus

we get

pBtb´, b´q ´ pb´v,∇b´q ` pµΨtΦt∇b´,∇b´q ď 0

and then
d

dt
}b´}

2
2 ď 0.

By the assumption (2.1) the negative part of the initial value of b is zero hence, b´ ” 0

and we obtained (2.80).

Proceeding similarly we introduce the decomposition ω “ ω` ` ω´ and test the equa-

tion (2.78) by ω´

pω,t, ω´q ´ pωv,∇ω´q ` pµΨtΦt∇ω,∇ω´q “ ´pϕ2
t pωq, ω´q.

We note that by p2.15q the right-hand side of the above equality vanishes. Thus we get
d
dt

}ω´}22 ď 0 and by assumption (2.2)

ω ě 0 in Ω ˆ r0, t˚s. (2.81)

Now, we shall prove that

ωpx, tq ě
ωmin

1 ` κ2ωmint
for px, tq P Ω ˆ r0, t˚s. (2.82)

We test the equation (2.78) by pω ´ ωtminq´ and obtain

pω,t, pω ´ ωtminq´q ´ pωv,∇pω ´ ωtminq´q `

´

µΨtΦt∇ω,∇
`

ω ´ ωtmin

˘

´

¯

“ ´κ2pϕ2
t pωq, pω ´ ωtminq´q.

(2.83)

Using (2.3) we get

pω,t, pω ´ ωtminq´q “
1

2

d

dt
}pω ´ ωtminq´}

2
2 ´ κ2

`

pωtminq
2, pω ´ ωtminq´

˘

.

Hence using inequality 0 ď µΨtΦt and div v “ 0 in (2.83) yields

1

2

d

dt
}pω ´ ωtminq´}

2
2 ´ κ2

`

pωtminq
2, pω ´ ωtminq´

˘

ď ´κ2pϕ
2
t pωq, pω ´ ωtminq´q.
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We write the above inequality in the form

1

2

d

dt
}pω ´ ωtminq´}

2
2 ď ´κ2ppϕtpωq ´ ωtminqpϕtpωq ` ωtminq, pω ´ ωtminq´q.

We note that ´κ2ppϕtpωq ` ωtminq, pω ´ ωtminq´q is non-negative. Thus using (2.18) we get

ϕtpωq ď ω, so

1

2

d

dt
}pω ´ ωtminq´}

2
2 ď ´κ2ppω ´ ωtminqpϕtpωq ` ωtminq, pω ´ ωtminq´q

“ ´κ2
`

pϕtpωq ` ωtminq,
ˇ

ˇpω ´ ωtminq´

ˇ

ˇ

2 ˘
ď 0.

Therefore, we obtain d
dt

}pω ´ ωtminq´}22 ď 0 and by (2.2) we get (2.82).

Now, we shall prove that

ωpx, tq ď
ωmax

1 ` κ2ωmaxt
for px, tq P Ω ˆ r0, t˚s. (2.84)

Indeed, firstly we note that from (2.3), (2.15) and (2.82) we have

ϕtpωq “ ω. (2.85)

Hence, testing the equation (2.78) by pω ´ ωtmaxq` gives

pω,t, pω ´ ωtmaxq`q ´ pωv,∇pω ´ ωtmaxq`q `

´

µΨtΦt∇ω,∇
`

ω ´ ωtmax

˘

`

¯

“ ´κ2pω2, pω ´ ωtmaxq`q.

Proceeding as before, we get

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ´ κ2

`

pωtmaxq
2, pω ´ ωtmaxq`

˘

ď ´κ2pω
2, pω ´ ωtmaxq`q.

and

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ď ´κ2ppω ´ ωtmaxqpω ` ωtmaxq, pω ´ ωtmaxq`q

“ ´κ2ppω ` ωtmaxq, |pω ´ ωtmaxq`|
2
q.
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Hence

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ď 0.

By (2.2) we get (2.84). We shall prove that

bpx, tq ě btmin for px, tq P Ω ˆ r0, t˚s. (2.86)

For this purpose we test the equation (2.79) by pb ´ btminq´. Then we get

pb,t, pb ´ btminq´q ´ pbv,∇ppb ´ btminq´qq `
`

µΨtΦt∇b,∇ppb ´ btminq´q
˘

“ ´pψtpbqω, pb ´ btminq´q ` pµΨtΦt |Dpvq|
2 , pb ´ btminq´q.

The first term on the left-hand side is equal to

1

2

d

dt
}pb ´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

.

The second term of the left-hand side vanishes and the third one is non-negative. Thus,

it follows that

1

2

d

dt
}pb ´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

ď ´pψtpbqω, pb ´ btminq´q.

Using (2.84) we obtain

1

2

d

dt
}pb´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

ď ´
ωmax

1 ` ωmaxκ2t
pψtpbq, pb´ btminq´q

and by definition (2.3) we get

1

2

d

dt
}pb ´ btminq´}

2
2 ď ´

ωmax

1 ` ωmaxκ2t
pψtpbq ´ btmin, pb ´ btminq´q.

From (2.80) and (2.17) we have that ψtpbq ď b, so

1

2

d

dt
}pb ´ btminq´}

2
2 ď ´

ωmax

1 ` ωmaxκ2t
pb ´ btmin, pb ´ btminq´q

“ ´
ωmax

1 ` ωmaxκ2t
}pb ´ btminq´}

2
2
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and then d
dt

}pb ´ btminq´}22 ď 0. Using (2.1) and (2.3) we get (2.86).

Note that (2.14) and (2.86) imply

ψtpbq “ b. (2.87)

Furthermore, (2.11) and (2.86) give Ψtpbq “ b. Finally, (2.3), (2.13), (2.82) and (2.84)

yield Φtpωq “ ω. Thus,

µΨtΦt “
Ψtpbq

Φtpωq
“
b

ω
. (2.88)

Applying (2.85), (2.87) and (2.88) we deduce that system (2.77)-(2.79) has the following

form

pv,t, wq ´ pv b v,∇wq `

ˆ

b

ω
Dpvq, Dpwq

˙

“ 0 for w P 9V1
div, (2.89)

pω,t, zq ´ pωv,∇zq `

ˆ

b

ω
∇ω,∇z

˙

“ ´κ2pω
2, zq for z P V1, (2.90)

pb,t, qq ´ pbv,∇qq `

ˆ

b

ω
∇b,∇q

˙

“ ´pbω, qq `

ˆ

b

ω
|Dpvq|

2 , q

˙

for q P V1 (2.91)

for a.a. t P p0, t˚q.



Chapter 3

Global in time solution for small initial data

In this chapter the existence of a global-in-time, regular solution will be proven under

a certain smallness condition. The basic idea behind the formulated smallness condition is

to guarantee the small oscillations of initial data in comparison to the turbulent viscosity
b
ω
. The detailed formulation of the result is given in Theorem 3.2.1. Corollary 3.2.4.1

shows that the formulated condition is fulfilled by a non-nonempty class of functions.

Results presented in this chapter are published in [30].

3.1. Notation and notion of a solution

Assume that Ω “
ś3

i“1p0, Liq, Li, T ą 0 and ΩT “ Ωˆ p0, T q. We shall consider the

problem (1)-(5) in ΩT . Constants ν0, κ1, . . . , κ4 are positive. For simplicity, we assume

further that all constants except κ2 are equal to one. The reason is that the constant κ2

plays an important role in a priori estimates.

We shall show the global-in-time existence of a regular solution of problem (1)-(5) under

some assumption imposed on the initial data. Firstly, suppose that v0 P 9V2
div, ω0, b0 P V2

and that there exist positive numbers bmin, ωmin, ωmax such that

0 ă bmin ď b0pxq, (3.1)

0 ă ωmin ď ω0pxq ď ωmax (3.2)
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on Ω. Now, we will introduce notation that will enable us to formulate the smallness

condition from Theorem 3.2.1. Based on the introduced bound we define

ωtmin “
ωmin

1 ` κ2ωmint
, ωtmax “

ωmax

1 ` κ2ωmaxt
. (3.3)

These quantities will appear in the lower and upper bounds for ω (see Proposition 3.3.1).

Additionally, we introduce the analogous notation for b, for the lower bound of b and the

upper bound of }b}1 (see Proposition 3.3.1 and Proposition 3.3.3c)

btmin “
bmin

p1 ` κ2ωmaxtq
1
κ2

, bmaxptq “

}b0}1 ` 1
2
}v0}22

´

1 ` I8

´

κ2,
ωmin

ωmax
, bmin

pωmaxq
2

¯¯

p1 ` κ2ωmintq
1
κ2

, (3.4)

where

I8 pκ2, x, yq “ Γ

ˆ

2κ2
2κ2 ´ 1

˙

x
min

!

1, 1
κ2

)

ˆ

C2
pp2κ2 ´ 1q

y
exp

ˆ

y

C2
p

˙˙

1
2κ2´1

, (3.5)

and Cp is the Poincaré constant for the domain Ω, i.e. the smallest constant such that

}f}p ď Cp}∇f}p for smooth f such that
ş

Ω
fdx “ 0. In the case of b we will be able to

control the decay of L1-norm. Frequently we will estimate from below the coefficient in

the diffusive term by (see (3.63))

µtmin “
btmin

ωtmax

“
bmin

ωmax

p1 ` κ2ωmaxtq
1´ 1

κ2 . (3.6)

To express the smallness of the initial data we will need the following quantity

Y2ptq “

´

}∆b0}
2
2`}∆ω0}

2
2 ` }∆v0}

2
2

¯

¨

¨ exp

ˆ

´
1

C2
p

bmin

p2κ2 ´ 1qω2
max

´

p1 ` κ2ωmaxtq
2´1{κ2 ´ 1

¯

˙

.
(3.7)

Furthermore, to formulate a condition that ensures the existence of a global-in-time so-

lution we have to define (see (3.16) in Theorem 3.2.1)

Aptq “

¨

˝}v0}
2
2 exp

¨

˝´

bmin

´

p1 ` κ2ωmaxtq
2´ 1

κ2 ´ 1
¯

C2
pω

2
max p2κ2 ´ 1q

˛

‚` bmaxptq2

˛

‚

1
4

, (3.8)
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Bptq “ 1 `
1

ωtmin

`
bmaxptq

ωtmin

`
bmaxptq

pωtminq2
, (3.9)

Cptq “
1

ωtmin

`
1

pωtminq2
`
bmaxptq

pωtminq2
`
bmaxptq

pωtminq3
, (3.10)

Dptq “
1

pωtminq2
`

1

pωtminq3
(3.11)

and

Z0ptq “

´

bmaxptq ` AptqY
1
4
2 ptq ` BptqY

1
2
2 ptq ` CptqY2ptq ` DptqY

3
2
2 ptq

¯

. (3.12)

Now, we introduce the notion of a solution to the system (1)-(5). For v0 P 9V2
div and

strictly positive ω0, b0 P V2, functions pv, ω, bq P X p8q are global solution to (1)-(5) if

pv,t, wq ´ pv b v,∇wq ` pµDpvq, Dpwqq “ 0 for w P 9V1
div, (3.13)

pω,t, zq ´ pωv,∇zq ` pµ∇ω,∇zq “ ´κ2pω
2, zq for z P V1, (3.14)

pb,t, qq ´ pbv,∇qq ` pµ∇b,∇qq “ ´pbω, qq ` pµ|Dpvq|
2, qq for q P V1 (3.15)

for a.a. t P p0,8q, where µ “ b
ω

and (5) holds. Recall that Dpvq denotes the symmetric

part of ∇v and p¨, ¨q is the inner product in L2pΩq.

3.2. Main result

Now, we formulate the main result involving the global existence of a regular solution

to system (1)-(5).

Theorem 3.2.1. Assume that κ2 ą 1
2
. There exists a constant CΩ,κ2, which depends only

on Ω and κ2, with the following property: for any ω0, b0 P V2, v0 P 9V2
div, if (3.1), (3.2)

hold and

µtmin ´ CΩ,κ2Z0ptq ą 0 for t P r0, T q, (3.16)

for some T P p0,8s, then there exists a unique solution pv, ω, bq P X pT q to (1)-(5) in ΩT .

We recall that we assume that the constants ν0, κ1, κ3 and κ4 are equal to one. In

the general case, if all these constants are positive and arbitrary, then the constant in
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the above result will depend on ν0, κ1, . . . , κ4 and Ω. The functions µtmin and Z0ptq were

defined in (3.6) and (3.12), respectively.

Remark 3.2.2. The condition (3.16) involves only the initial data: v0, ω0, b0, the pa-

rameters of the system: ν0, κ1, . . . , κ4 and Ω.

Remark 3.2.3. The assumption κ2 ą 1
2

is crucial in the proof of Theorem 3.2.1 (and

also in Proposition 3.3.3). Without it, we are unable to prove the exponential decay of

L2-norm of vptq and polynomial decay of L1-norm of bptq. These decay rates play an

important role in the presented proof.

Remark 3.2.4. As is stated in [45], Kolmogorov set κ2 “ 7
11

and Theorem 3.2.1 may be

applied for this value of parameter κ2.

As a consequence of theorem 3.2.1 we have

Corollary 3.2.4.1. Assume that κ2 ą 1
2
, v0 P 9V2

div, ω0, b0 P V2 and the conditions (3.1),

(3.2) hold. We denote

a0 “ sup
tě0

2CΩ,κ2p1 ` κ2ωmaxtq
1
κ2

´1
´

Aptq ` BptqY
1
4
2 ptq ` CptqY

3
4
2 ptq ` DptqY

5
4
2 ptq

¯

,

where CΩ,κ2 is the constant given in theorem 3.2.1 and Y2, Aptq, . . . , Dptq were defined in

(3.7)-(3.11). Then a0 is finite. If in addition,

bmin

ωmax

ą 2CΩ,κ2

ˆ

}b0}1 `
1

2
}v0}

2
2

ˆ

1 ` I8

ˆ

κ2,
ωmin

ωmax

,
bmin

pωmaxq2

˙˙˙

for κ2 ě 1 (3.17)

and for κ2 P
`

1
2
, 1
˘

bmin

ωmax

ą 2CΩ,κ2

ˆ

}b0}1 `
1

2
}v0}

2
2

ˆ

1 ` I8

ˆ

κ2,
ωmin

ωmax

,
bmin

pωmaxq2

˙˙˙ˆ

ωmax

ωmin

˙
1
κ2 (3.18)

and
bmin

ωmax

ą a0
`

}∆v0}
2
2 ` }∆ω0}

2
2 ` }∆b0}

2
2

˘
1
4 (3.19)

hold, then the system (1)-(5) has a unique global solution in X p8q.

Remark 3.2.5. The conditions (3.17)-(3.19) involve only the initial data: v0, ω0, b0, the

parameters of the system: ν0, κ1, . . . , κ4 and Ω.
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Remark 3.2.6. We shall show that the conditions (3.17)-(3.19) are satisfied on some

non-empty set of initial data. We focus only on the case κ2 P p1
2
, 1q, because the other is

simpler. It may be done in the following way: we shall determine positive δ1,δ2,δ3 such

that if initial data satisfy the bounds

}b0}1 ď δ1, }v0}2 ď δ2, }∆v0}
2
2 ` }∆ω0}

2
2 ` }∆b0}

2
2 ď δ3, (3.20)

then (3.18) and (3.19) will be fulfilled. We proceed in the following way:

— set ωmin and ωmax such that 0 ă ωmin ă ωmax and

2CΩ,κ2 |Ω|pωmaxq
1` 1

κ2 ă pωminq
1
κ2 ,

i.e.
1

ωmax

ą 2CΩ,κ2 |Ω|

ˆ

ωmax

ωmin

˙
1
κ2

,

— fix bmin ą 0 so, we have

bmin

ωmax

ą 2CΩ,κ2bmin|Ω|

ˆ

ωmax

ωmin

˙
1
κ2

,

— choose δ1 ą bmin|Ω| such that

bmin

ωmax

ą 2CΩ,κ2δ1

ˆ

ωmax

ωmin

˙
1
κ2

,

— find δ2 ą 0 such that

bmin

ωmax

ą 2CΩ,κ2

ˆ

δ1 `
1

2
δ2

ˆ

1 ` I8

ˆ

κ2,
ωmin

ωmax

,
bmin

pωmaxq2

˙˙˙ˆ

ωmax

ωmin

˙
1
κ2

,

— if we define a0pδ1, δ2, δ3q similarly as in Corollary 3.2.4.1, where we replace }b0}1

by δ1, }v0}2 by δ2 and }∆v0}
2
2 ` }∆ω0}

2
2 ` }∆b0}22 by δ3, then from (3.4), (3.7) and

(3.8)-(3.11) we deduce that a0pδ1, δ2, δ3q is increasing with respect to each δi. Therefore,

we can find δ3 ą 0 such that

bmin

ωmax

ą a0pδ1, δ2, δ3qδ
1
4
3 ,
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— finally, for these positive numbers δ1, δ2, δ3 and any b0, ω0 and v0 such that bmin ď b0,

ωmin ď ω0 ď ωmax and (3.20) hold, the conditions (3.18) and (3.19) are satisfied.

3.3. Proof of Theorem 3.2.1

We need the following auxiliary results (see also theorem 4.1 [36]).

Proposition 3.3.1. Assume that ω0, b0 P V2, v0 P 9V2
div and (3.1), (3.2) hold. If T ą 0

and pv, ω, bq P X pT q satisfies (1)-(5), then the following estimates

ωmin

1 ` κ2ωmint
ď ωpx, tq ď

ωmax

1 ` κ2ωmaxt
, (3.21)

bmin

p1 ` κ2ωmaxtq
1
κ2

ď bpx, tq (3.22)

hold for px, tq P ΩT .

Proof. By the assumption we have ω, b P L2
locpr0, T q;H3pΩqq, ω,t, b,t P L2

locpr0, T q;H1pΩqq.

Thus the Sobolev embedding theorem implies that ω, b P CpΩ ˆ r0, T qq. Then, by (3.1)

and (3.2) there exists t1 P p0, T q such that

1

2
bmin ď bpx, tq,

1

2
ωmin ď ωpx, tq ď 2ωmax for px, tq P Ωt1 . (3.23)

We denote by f` and f´ the non-negative and non-positive parts of function f , i.e.

f “ f` ` f´, where f` “ maxtf, 0u. For t P p0, t1q we test the equality (3.14) by

z “ pω ´ ωtminq´ and we obtain

pω,t, pω ´ ωtminq´q `

ˆ

b

ω
∇ω,∇pω ´ ωtminq´

˙

“ ´κ2pω
2, pω ´ ωtminq´q,

where we used the condition div v “ 0. Using the equality pωtminq,t “ ´κ2pω
t
minq2 we may

write

1

2

d

dt
}pω ´ ωtminq´}

2
2 ´ κ2

`

pωtminq
2, pω ´ ωtminq´

˘

`

ˆ

b

ω
∇pω ´ ωtminq´,∇pω ´ ωtminq´

˙

“ ´κ2pω2, pω ´ ωtminq´q
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for t P p0, t1q. After applying (3.23) we get

1

2

d

dt
}pω ´ ωtminq´}

2
2 ď ´κ2

`

pω ´ ωtminqpω ` ωtminq, pω ´ ωtminq´

˘

“ ´κ2

´

ω ` ωtmin,
ˇ

ˇpω ´ ωtminq´

ˇ

ˇ

2
¯

.

By the Grönwall inequality and (3.2) we deduce that pω ´ ωtminq´ ” 0 on for t P p0, t1q.

Hence
ωmin

1 ` κ2ωmint
ď ωpx, tq (3.24)

for px, tq P Ωˆr0, t1q. Next, testing the equation (3.14) by z “ pω´ωtmaxq` and proceeding

as in (3.24) we deduce that

ωpx, tq ď
ωmax

1 ` κ2ωmaxt
(3.25)

for px, tq P Ω ˆ r0, t1q. Now, for t P p0, t1q we test the equation (3.15) by q “ pb ´ btminq´

and we obtain

pb,t, pb ´ btminq´q `

ˆ

b

ω
∇pb ´ btminq´,∇pb ´ btminq´

˙

“ ´pbω, pb ´ btminq´q

`

ˆ

b

ω
|Dpvq|

2 , pb ´ btminq´

˙

,

where we used the condition div v “ 0. By applying (3.23) we get

pb,t, pb ´ btminq´q ď ´pbω, pb ´ btminq´q,

i.e.

1

2

d

dt
}pb ´ btminq´}

2
2 ´

ωmax

p1 ` κ2ωmaxtq

`

btmin, pb ´ btminq´

˘

ď ´pbω, pb ´ btminq´q.

From (3.23) and (3.25) we obtain

´pbω, pb ´ btminq´q ď ´
ωmax

p1 ` κ2ωmaxtq
pb, pb ´ btminq´q

for t P p0, t1q. Hence

1

2

d

dt
}pb ´ btminq´}

2
2 ď ´

ωmax

p1 ` κ2ωmaxtq
pb ´ btmin, pb ´ btminq´q.
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The right-hand side is non-positive. Thus, by (3.1) we have

bmin

p1 ` κ2ωmaxtq
1
κ2

ď bpx, tq (3.26)

for px, tq P Ω ˆ r0, t1q. Now, we define

t˚1 “ suptrt P p0, T q : p3.21q, p3.22q hold for px, tq P Ω
rt
u.

By the previous step, we have t˚1 ě t1 ą 0. If t˚1 ă T , then by the continuity of ω, b and

(3.24)-(3.26) there exists t2 P pt˚1 , T q such that

1

2
btmin ď bpx, tq,

1

2
ωtmin ď ωpx, tq ď 2ωtmax for px, tq P Ωt2 .

Then, we have bpx,tq
ωpx,tq

ě 1
4

btmin

ωt
max

ą 0 for px, tq P Ω ˆ r0, t2q and we may repeat the argument

from the first part of the proof and as a consequence we get t2 ď t˚1 . This contradiction

means that t˚1 “ T and the proof is finished.

Proposition 3.3.2. For any T ą 0, the problem (1)-(5) has at most one solution in

X pT q.

Proof. Suppose that pv1, ω1, b1q, pv2, ω2, b2q P X pT q satisfy (1)-(5) in ΩT . We denote

v “ v1 ´ v2, ω “ ω1 ´ ω2, b “ b1 ´ b2 and we test the equations for v1 and v2 by v. After

subtracting the equations for vi we get

pv,t, vq ´
`

v1 b v1 ´ v2 b v2,∇v
˘

`

ˆ

b1

ω1
Dpv1q ´

b2

ω2
Dpv2q, Dpvq

˙

“ 0.

We note that

ˆ

b1

ω1
Dpv1q ´

b2

ω2
Dpv2q, Dpvq

˙

“

ˆ

b1

ω1
Dpvq, Dpvq

˙

`

ˆ

b

ω1
Dpv2q, Dpvq

˙

´

ˆ

b2ω

ω1ω2
Dpv2q, Dpvq

˙

,

`

v1 b v1 ´ v2 b v2,∇v
˘

“
`

v1 b v,∇v
˘

`
`

v b v2,∇v
˘

.
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By Proposition 3.3.1 we have b1

ω1 ě µtmin, so by the Hölder inequality we get

1

2

d

dt
}v}

2
2 ` µtmin}Dpvq}

2
2 ď

›

›

›

›

1

ω1

›

›

›

›

8

}b}2
›

›Dpv2q
›

›

8
}Dpvq}2

`

›

›

›

›

1

ω1ω2

›

›

›

›

8

›

›b2
›

›

8
}ω}2

›

›Dpv2q
›

›

8
}Dpvq}2 `

›

›v1
›

›

8
}v}2 }∇v}2 ` }v}2

›

›v2
›

›

8
}∇v}2 .

By Proposition 3.3.1 functions ω1 and ω2 are estimated from below by ωtmin. Therefore

the Young inequality, the Sobolev embedding theorem and }Dpvq}2 “
?
2
2

}∇v}2 imply

d

dt
}v}

2
2 ` µtmin}Dpvq}

2
2 ď

C

µtmin

ˆ

pωtminq
´2

}v2}23,2}b}
2
2 ` pωtminq

´4
}b2}22,2}v

2
}
2
3,2}ω}

2
2

`
`

}v1}22,2 ` }v2}22,2
˘

}v}
2
2

˙

,

(3.27)

where C depends only on Ω. Now we test the equations for ω1 and ω2 by ω “ ω1 ´ ω2

and as a result we obtain

1

2

d

dt
}ω}

2
2 `

ˆ

b1

ω1
∇ω,∇ω

˙

“
`

ω1v,∇ω
˘

`
`

ωv2,∇ω
˘

´

ˆ

b

ω1
∇ω2,∇ω

˙

`

ˆ

b2ω

ω1ω2
∇ω2,∇ω

˙

´ κ2
`

ωpω1
` ω2

q, ω
˘

.

From the Hölder inequality, (3.21) and (3.22) we get

1

2

d

dt
}ω}

2
2 ` µtmin}∇ω}

2
2 ď

›

›ω1
›

›

8
}v}2 }∇ω}2 ` }ω}2

›

›v2
›

›

8
}∇ω}2

`

›

›

›

›

1

ω1

›

›

›

›

8

}b}2
›

›∇ω2
›

›

8
}∇ω}2 `

›

›

›

›

1

ω1ω2

›

›

›

›

8

›

›b2
›

›

8
}ω}2

›

›∇ω2
›

›

8
}∇ω}2 ` κ2

›

›ω1
` ω2

›

›

8
}ω}

2
2.

By the Young inequality and Sobolev embedding theorem, we obtain

d

dt
}ω}

2
2 ` µtmin}∇ω}

2
2 ď

C

µtmin

´

}ω1
}
2
2,2}v}

2
2 ` pωtminq

´2
}ω2

}
2
3,2}b}

2
2

`
`

}v2}22,2 ` pωtminq
´4

}b2}
2
2,2}ω

2
}
2
3,2 ` µtmin}ω1

}
2
2,2 ` µtmin}ω2

}2,2
˘

}ω}
2
2

¯

,

(3.28)

where C depends only on Ω and κ2. Finally, we test the equations for b1 and b2 by
b “ b1 ´ b2 and we get

1

2

d

dt
}b}22 `

ˆ

b1

ω1
∇b,∇b

˙

“
`

b1v,∇b
˘

`
`

bv2,∇b
˘

´

ˆ

b

ω1
∇b2,∇b

˙

`

ˆ

b2ω

ω1ω2
∇b2,∇b

˙

´
`

b1ω, b
˘

´
`

bω2, b
˘

`

ˆ

b1

ω1

ˇ

ˇDpv1q
ˇ

ˇ

2
´
b2

ω2

ˇ

ˇDpv2q
ˇ

ˇ

2
, b

˙

.
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We note that the last term on the right-hand side is equal to

ˆ

b1

ω1
DpvqDpv1 ` v2q, b

˙

`

ˆ

b

ω1

ˇ

ˇDpv2q
ˇ

ˇ

2
, b

˙

´

ˆ

b2ω

ω1ω2

ˇ

ˇDpv2q
ˇ

ˇ

2
, b

˙

.

From the Hölder inequality and (3.21), (3.22) it follows that

1

2

d

dt
}b}22 ` µtmin}∇b}22 ď

›

›b1
›

›

8
}v}2 }∇b}2 ` }b}2

›

›v2
›

›

8
}∇b}2

`

›

›

›

›

1

ω1

›

›

›

›

8

}b}2
›

›∇b2
›

›

8
}∇b}2 `

›

›

›

›

1

ω1ω2

›

›

›

›

8

›

›b2
›

›

8
}ω}2

›

›∇b2
›

›

8
}∇b}2

`
›

›b1
›

›

8
}ω}2 }b}2 ` }b}2

›

›ω2
›

›

8
}b}2

`

›

›

›

›

1

ω1

›

›

›

›

8

›

›b1
›

›

8
}Dpvq}2

›

›Dpv1 ` v2q
›

›

8
}b}2

`

›

›

›

›

1

ω1

›

›

›

›

8

}b}22}Dpv2q}
2
8 `

›

›

›

›

1

ω1ω2

›

›

›

›

8

›

›b2
›

›

8
}ω}2 }Dpv2q}

2
8 }b}2 .

Applying the Young inequality and Sobolev embedding theorem yields

d

dt
}b}22 ` µtmin}∇b}22 ď

C

µtmin

!

}b1}22,2}v}
2
2 `

”

}v2}
2
2,2 ` pωtminq

´2
}b2}23,2 ` }ω2

}
2
2,2

` pωtminq
´2

pµtmin ` }b1}22,2qp}v1}23,2 ` }v2}23,2q ` µtminpωtminq
´1

}v2}23,2

ı

}b}22

`

”

pωtminq
´4

}b2}22,2}b
2
}
2
3,2 ` µtminpωtminq

´2
}b2}22,2}v

2
}
2
3,2

ı

}ω}
2
2

)

` µtmin}Dpvq}
2
2 ` Cp1 ` }ω2

}2,2q}b}22 ` C}b1}
2
2,2}ω}

2
2.

(3.29)

Summing up the inequalities (3.27)-(3.29), we obtain

d

dt

`

}v}
2
2 ` }ω}

2
2 ` }b}22

˘

ď hptq
`

}v}
2
2 ` }ω}

2
2 ` }b}22

˘

,

with h P L1p0, T q, because pvi, ωi, biq belong to L8p0, T ;H2pΩqq X L2p0, T ;H3pΩqq. As

vp0q “ 0, ωp0q “ 0, bp0q “ 0 hold, by the Grönwall inequality we get that v ” 0, ω ” 0

and b ” 0 on ΩT and the proof is finished.

Suppose that the assumptions of Theorem 3.2.1 hold. Then, by Theorem 2.1.1 there

exists a regular, local in-time solution to the system (1)-(5), which belongs to X pT0q for

some positive T0. From Proposition 3.3.2 it is unique solution in X pT0q. We will show

that provided the smallness condition imposed on initial data (formulated in (3.16)), the

solution exists on r0, T q. In particular, if (3.16) holds with T “ 8, then the solution is
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global, i.e. it belongs to X p8q. Firstly, we denote

T ˚
“ suptt˚ ą 0 : system (1)-(5) has a solution pv, ω, bq in X pt˚qu. (3.30)

We note that T ˚ ě T0 ą 0. By Proposition 3.3.2 there exists pv, ω, bq the unique solution

of (1)-(5) in X pT ˚q, i.e. the following identities

pv,t, wq ´ pv b v,∇wq `

ˆ

b

ω
Dpvq, Dpwq

˙

“ 0 for w P 9V1
div, (3.31)

pω,t, zq ´ pωv,∇zq `

ˆ

b

ω
∇ω,∇z

˙

“ ´κ2pω
2, zq for z P V1, (3.32)

pb,t, qq ´ pbv,∇qq `

ˆ

b

ω
∇b,∇q

˙

“ ´pbω, qq `

ˆ

b

ω
|Dpvq|

2 , q

˙

for q P V1 (3.33)

hold for a.a. t P p0, T ˚q, where p¨, ¨q denotes the inner product in L2pΩq. By Proposi-

tion 3.3.1 functions ω and b satisfy

bpt, xq ě btmin, ωpt, xq ě ωtmin, ωpt, xq ď ωtmax for px, tq P ΩT˚

. (3.34)

We shall show that if the condition (3.16) holds for some T , then T ˚ ě T . As it will

be explained in the proof of Corollary 3.2.4.1, the condition (3.16) holds, provided the

initial data are sufficiently small.

To prove the result we suppose that T ˚ ă T and we shall show that it leads to a

contradiction. The idea of the proof is as follows: we shall show that under smallness

assumption p3.16q we are able to obtain an estimate for solution in H2pΩq norm, which is

uniform with respect to t P r0, T ˚q. Next, by applying Theorem 2.1.1 and Proposition 3.3.1

we will be able to extend the solution beyond T ˚ and this is a contradiction with the

definition of T ˚. Therefore, the key step in the proof is to get estimates in the H2 norm

for the solution pv, ω, bq. First, we deal with the lower-order terms.

3.3.1. The lower order estimates

In this subsection we estimate the L2-norm of v and next, the L1-norm of b. The proof

of the main theorem depends heavily on the decay estimates of these quantities. In the

proposition below we consider all values of κ2 P p0,8q to illustrate the influence of κ2 for
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the available decay estimates. From this, we will see that κ2 “ 1
2

seems to be a critical

value.

Proposition 3.3.3. For each t P r0, T ˚q the following estimates hold:

a)

}vptq}
2
2 ď }v0}

2
2 exp

ˆ

´
1

C2
p

bmin

ω2
max p2κ2 ´ 1q

´

p1 ` κ2ωmaxtq
2´ 1

κ2 ´ 1
¯

˙

for κ2 P

ˆ

0,
1

2

˙

Y

ˆ

1

2
,8

˙

,

(3.35)

and

}vptq}
2
2 ď }v0}

2
2p1 ` κ2ωmaxtq

´
bmin

C2
pω2

maxκ2 for κ2 “
1

2
, (3.36)

b)

}ωptq}2 ď }ω0}2 for κ2 P p0,8q , (3.37)

c)

}bptq}1 `
1

2
}vptq}

2
2

ď

}b0}1 ` 1
2
}v0}

2
2

´

1 ` I8

´

κ2,
ωmin

ωmax
, bmin

pωmaxq
2

¯¯

p1 ` κ2ωmintq
1
κ2

for κ2 P

ˆ

1

2
,8

˙

,

(3.38)

d)

}b0}1 ` 1
2
}v0}22

p1 ` κ2ωmaxtq
1
κ2

ď }bptq}1 `
1

2
}vptq}

2
2 for κ2 P p0,8q , (3.39)

e)

}b}1 `
1

2
}vptq}

2
2 ď }b0}1 `

1

2
}v0}

2
2 for κ2 P p0,8q , (3.40)

where I8 was defined in (3.5).

Proof of Proposition 3.3.3. a) We test the equation (3.31) by v and we get

1

2

d

dt
}v}

2
2 `

ˆ

b

ω
Dpvq, Dpvq

˙

“ 0 for t P p0, T ˚
q, (3.41)
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where we applied the condition div v “ 0. Using notation (3.6) and the estimate (3.34)

we obtain

1

2

d

dt
}v}

2
2 ` µtmin}Dpvq}

2
2 ď 0 for t P p0, T ˚

q.

The mean value of components of v are zero. Thus, from the Poincaré inequality and the

fact that }Dpvq}2 “
?
2
2

}∇v}2 we get

d

dt
}v}

2
2 ` µtmin

1

C2
p

}v}
2
2 ď 0 for t P p0, T ˚

q.

By applying (3.6) we may write explicitly

d

dt
}vptq}

2
2 `

1

C2
p

bmin

ωmax

p1 ` κ2ωmaxtq
1´ 1

κ2 }vptq}
2
2 ď 0 for t P p0, T ˚

q. (3.42)

Multiplying by an appropriate exponential function gives

d

dt

«

}vptq}
2
2 exp

˜

bmin

C2
pω

2
maxκ2p2 ´ 1

κ2
q

p1 ` κ2ωmaxtq
2´ 1

κ2

¸ff

ď 0 for t P p0, T ˚
q.

After integration we obtain (3.35). Similarly we derive (3.36).

b) If we test the equation (3.32) by z “ ω, then after integration by parts and using

(3.34) we get
1

2

d

dt
}ωptq}

2
2 ď 0 for t P p0, T ˚

q.

Thus we have (3.37).

c) We now proceed to estimate for b. We can not obtain any pointwise estimate from

above for b. However, we are able to estimate the L1-norm of b. Indeed, we test the

equation (3.33) by q ” 1 and we get

pb,t, 1q “ ´ pbω, 1q `

ˆ

b

ω
|Dpvq|

2, 1

˙

.

The positivity of b follows from (3.1), (3.4) and (3.34), so we get

d

dt
}b}1 “ ´ pbω, 1q `

ˆ

b

ω
|Dpvq|

2, 1

˙

.
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We note that the term
`

b
ω

|Dpvq|2, 1
˘

is equal to
`

b
ω
Dpvq, Dpvq

˘

. Therefore, we can use

the equation (3.41) and we obtain

d

dt
}b}1 “ ´ pbω, 1q ´

1

2

d

dt
}v}

2
2. (3.43)

From (3.3) and (3.34) we may estimate ω from below and we obtain

d

dt
}b}1 ď ´

ωmin

1 ` κ2ωmint
}b}1 ´

1

2

d

dt
}v}

2
2. (3.44)

Multiplying both sides by e
şt
0

ωmin
1`κ2ωminτ

dτ yields

d

dt

´

}b}1e
şt
0

ωmin
1`κ2ωminτ

dτ
¯

ď ´
1

2

d

dt
}v}

2
2e

şt
0

ωmin
1`κ2ωminτ

dτ
.

Integrating from 0 to t gives

}b}1e
şt
0

ωmin
1`κ2ωminτ

dτ
ď }b0}1 ´

1

2

ż t

0

d

dτ
}vpτq}

2
2e

şτ
0

ωmin
1`κ2ωmins

ds
dτ.

After integrating by parts we get

}b}1e
şt
0

ωmin
1`κ2ωminτ

dτ
ď }b0}1 ´

„

1

2
}vpτq}

2
2e

şτ
0

ωmin
1`κ2ωmins

ds

ȷτ“t

τ“0

`
1

2

ż t

0

}vpτq}
2
2e

şτ
0

ωmin
1`κ2ωmins

ds ωmin

1 ` κ2ωminτ
dτ.

Thus we get

}b}1 `
1

2
}v}

2
2 ď

ˆ

}b0}1 `
1

2
}v0}

2
2

˙

e
´
şt
0

ωmin
1`κ2ωminτ

dτ

`
1

2
e

´
şt
0

ωmin
1`κ2ωminτ

dτ
ż t

0

}vpτq}
2
2e

şτ
0

ωmin
1`κ2ωmins

ds ωmin

1 ` κ2ωminτ
dτ.

We note that

ż t

0

ωmin

1 ` κ2ωminτ
dτ “ ln p1 ` κ2ωmintq

1
κ2 ,
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so we obtain

}b}1 `
1

2
}v}

2
2 ď

}b0}1 ` 1
2
}v0}

2
2

p1 ` κ2ωmintq
1
κ2

`
1

2

1

p1 ` κ2ωmintq
1
κ2

ż t

0

}vpτq}
2
2

ωmin

p1 ` κ2ωminτq
1´ 1

κ2

dτ.

Using (3.35) implies

}b}1 `
1

2
}v}

2
2 ď

}b0}1 ` 1
2
}v0}22

p1 ` κ2ωmintq
1
κ2

`

1
2
}v0}

2
2

p1 ` κ2ωmintq
1
κ2

Itpκ2, ωmin, ωmax, bminq,

where

Itpκ2,ωmin, ωmax, bminq

“

ż t

0

exp

¨

˝´

bmin

´

p1 ` κ2ωmaxτq
2´ 1

κ2 ´ 1
¯

C2
pω

2
max p2κ2 ´ 1q

˛

‚

ωmin

p1 ` κ2ωminτq
1´ 1

κ2

dτ.
(3.45)

Now, we shall derive an estimate of It. Depending on the value of κ2, we obtain different

types of estimates. Firstly, we focus on the case κ2 ě 1. From (3.21) we have

ωmin

p1 ` κ2ωminτq
1´ 1

κ2

“
pωminq

1
κ2 pωminq

1´ 1
κ2

p1 ` κ2ωminτq
1´ 1

κ2

ď
pωminq

1
κ2 pωmaxq

1´ 1
κ2

p1 ` κ2ωmaxτq
1´ 1

κ2

and thus

Itpκ2, ωmin, ωmax, bminq

ď ωmax

ˆ

ωmin

ωmax

˙
1
κ2
ż t

0

exp

¨

˝´

bmin

´

p1 ` κ2ωmaxτq
2´ 1

κ2 ´ 1
¯

C2
pω

2
max p2κ2 ´ 1q

˛

‚

dτ

p1 ` κ2ωmaxτq
1´ 1

κ2

.

(3.46)

Now, we change variables s “ 1 ` κ2ωmaxτ and get

Itpκ2, ωmin, ωmax, bminq

ď
1

κ2

ˆ

ωmin

ωmax

˙
1
κ2

exp

ˆ

bmin

C2
pω

2
max p2κ2 ´ 1q

˙
ż 8

1

exp

˜

´
bmins

2´ 1
κ2

C2
pω

2
max p2κ2 ´ 1q

¸

s
1
κ2

´1
ds.
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Next, the change of variables y “
bmins

2´ 1
κ2

C2
pω

2
maxp2κ2´1q

leads to the estimate

Itpκ2, ωmin, ωmax, bminq

ď

ˆ

ωmin

ωmax

˙
1
κ2

exp

ˆ

bmin

C2
pω

2
max p2κ2 ´ 1q

˙ˆ

C2
ppωmaxq2p2κ2 ´ 1q

bmin

˙

1
2κ2´1

Γ

ˆ

2κ2
2κ2 ´ 1

˙

.

Therefore, in the case of κ2 ě 1 we obtain

}b}1 `
1

2
}v}

2
2

ď

}b0}1 ` 1
2
}v0}

2
2

ˆ

1 ` Γ
´

2κ2
2κ2´1

¯´

ωmin

ωmax

¯
1
κ2

´

C2
ppωmaxq2p2κ2´1q

bmin
exp

´

bmin

C2
pω

2
max

¯¯
1

2κ2´1

˙

p1 ` κ2ωmintq
1
κ2

.

Hence (3.38) holds for κ2 ě 1. Now, if we assume that κ2 P
`

1
2
, 1
˘

, then we have

1

p1 ` κ2ωminτq
1´ 1

κ2

ď
1

p1 ` κ2ωmaxτq
1´ 1

κ2

and from (3.45) we obtain

Itpκ2,ωmin, ωmax, bminq

ď ωmin

ż t

0

exp

¨

˝´

bmin

´

p1 ` κ2ωmaxτq
2´ 1

κ2 ´ 1
¯

C2
pω

2
max p2κ2 ´ 1q

˛

‚

dτ

p1 ` κ2ωmaxτq
1´ 1

κ2

.
(3.47)

Proceeding as before we obtain

}b}1 `
1

2
}v}

2
2

ď

}b0}1 ` 1
2
}v0}

2
2

ˆ

1 ` Γ
´

2κ2
2κ2´1

¯

ωmin

ωmax

´

C2
ppωmaxq2p2κ2´1q

bmin
exp

´

bmin

C2
pω

2
max

¯¯
1

2κ2´1

˙

p1 ` κ2ωmintq
1
κ2

.

Hence, (3.38) also holds for κ2 P
`

1
2
, 1
˘

.

d) Now, we shall obtain (3.39) - the estimate from below. Firstly, we note that from

(3.21) and (3.43) we have

d

dt

ˆ

}b}1 `
1

2
}v}

2
2

˙

ě ´
ωmax

1 ` κ2ωmaxt
}b}1.
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Therefore

d

dt
ln

ˆ

}b}1 `
1

2
}v}

2
2

˙

ě ´
ωmax

1 ` κ2ωmaxt
.

After integrating the both sides from 0 to t we obtain

ln

ˆ

}b}1 ` 1
2
}v}22

}b0}1 ` 1
2
}v0}22

˙

ě ´
1

κ2
ln p1 ` κ2ωmaxtq ,

so the inequality (3.39) is proved.

e) The estimate (3.40) is a direct consequence of (3.44).

3.3.2. Higher order estimates

In this section we will obtain estimates for }∆vptq}2, }∆ωptq}2 and }∆bptq}2. Having

these estimates and results of the previous section we will be able to control the H2 norm.

From (3.31)-(3.33) we get

pv,t,∆
2wq ´ pv b v,∇∆2wq `

ˆ

b

ω
Dpvq, Dp∆2wq

˙

“ 0, (3.48)

pω,t,∆
2zq ´ pωv,∇∆2zq `

ˆ

b

ω
∇ω,∇∆2z

˙

“ ´κ2pω2,∆2zq, (3.49)

pb,t,∆
2qq ´ pbv,∇∆2qq `

ˆ

b

ω
∇b,∇∆2q

˙

“ ´pbω,∆2qq `

ˆ

b

ω
|Dpvq|

2 ,∆2q

˙

(3.50)

for a.a. t P p0, T ˚q, where the test functions are such that ∆2w P 9V1
div, ∆2z P V1 and

∆2q P V1. Integrating by parts and using the condition div v “ 0, we obtain

x∆v,t,∆wy ´ p∆ pv b vq ,∇∆wq `

ˆ

∆

ˆ

b

ω
Dpvq

˙

, Dp∆wq

˙

“ 0, (3.51)

x∆ω,t,∆zy ´ pv∇2ω,∇∆zq ´ p∇ω∇v,∇∆zq`

ˆ

∆

ˆ

b

ω
∇ω

˙

,∇∆z

˙

“ ´κ2p∆
`

ω2
˘

,∆zq,

(3.52)

x∆b,t,∆qy ´ pv∇2b,∇∆qq ´ p∇b∇ω,∇∆qq `

ˆ

∆

ˆ

b

ω
∇b

˙

,∇∆q

˙

“ ´p∆ pbωq ,∆qq ´

ˆ

∇
ˆ

b

ω
|Dpvq|

2

˙

,∆∇q
˙

,

(3.53)
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for a.a. t P p0, T ˚q, where x¨, ¨y denotes duality pairing between V1pΩq and pV1q˚. The

density argument and regularity of pv, ω, bq allow us to test the system (3.51)-(3.53) by

the solution. Thus we obtain

1

2

d

dt
}∆v}

2
2 ´ p∆ pv b vq ,∇∆vq `

ˆ

∆

ˆ

b

ω
Dpvq

˙

, Dp∆vq

˙

“ 0, (3.54)

1

2

d

dt
}∆ω}

2
2 ´ pv∇2ω,∇∆ωq ´ p∇ω∇v,∇∆ωq

`

ˆ

∆

ˆ

b

ω
∇ω

˙

,∇∆ω

˙

“ ´κ2p∆
`

ω2
˘

,∆ωq,
(3.55)

1

2

d

dt
}∆b}22 ´ pv∇2b,∇∆bq ´ p∇b∇v,∇∆bq `

ˆ

∆

ˆ

b

ω
∇b

˙

,∇∆b

˙

“ ´p∆ pbωq ,∆bq ´

ˆ

∇
ˆ

b

ω
|Dpvq|

2

˙

,∇∆b

˙ (3.56)

for a.a. t P p0, T ˚q. In the above equations, some terms are similar and can be treated

in the same way. To simplify further calculations let us analyse these terms first. One of

them has the following form
ˆ

∆

ˆ

b

ω
∇f

˙

,∇∆f

˙

.

In this case, we may write

ˆ

∆

ˆ

b

ω
∇f

˙

,∇∆f

˙

“

ˆ

b

ω
∇∆f,∇∆f

˙

` 2

ˆ

∇2f ¨ ∇
ˆ

b

ω

˙

,∇∆f

˙

`

ˆ

∆

ˆ

b

ω

˙

∇f,∇∆f

˙

“

ˆ

b

ω
∇∆f,∇∆f

˙

` 2

ˆ

1

ω
∇2f ¨ ∇b,∇∆f

˙

´ 2

ˆ

b

ω2
∇2f ¨ ∇ω,∇∆f

˙

`

ˆ

∆b

ω
∇f,∇∆f

˙

´ 2

ˆ

p∇b ¨ ∇ωq

ω2
∇f,∇∆f

˙

´

ˆ

b

ω2
∆ω∇f,∇∆f

˙

` 2

ˆ

b

ω3
|∇ω|

2∇f,∇∆f

˙

.

(3.57)

On the right-hand side, we can control the sign only of the first term. Therefore, to

simplify future calculations we define W pfq using the last six expressions, i.e.

ˆ

∆

ˆ

b

ω
∇f

˙

,∇∆f

˙

“

ˆ

b

ω
∇∆f,∇∆f

˙

` W pfq. (3.58)

Similarly we define ĂW pvq

ˆ

∆

ˆ

b

ω
Dpvq

˙

, Dp∆vq

˙

“

ˆ

b

ω
Dp∆vq, Dp∆vq

˙

` ĂW pvq. (3.59)
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Using this notation the system (3.54)-(3.56) may be written in the following way

1

2

d

dt
}∆v}

2
2 `

ˆ

b

ω
Dp∆vq, Dp∆vq

˙

“ p∆ pv b vq ,∇∆vq ´ ĂW pvq (3.60)

1

2

d

dt
}∆ω}

2
2 `

ˆ

b

ω
∇∆ω,∇∆ω

˙

“ ´κ2p∆pω2
q,∆ωq ` pv∇2ω,∇∆ωq

`p∇ω∇v,∇∆ωq ´ W pωq,

(3.61)

1

2

d

dt
}∆b}22 `

ˆ

b

ω
∇∆b,∇∆b

˙

“ pv∇2b,∇∆bq ` p∇b∇v,∇∆bq

´p∆ pbωq ,∆bq ´

ˆ

∇
ˆ

b

ω
|Dpvq|

2

˙

,∇∆b

˙

´ W pbq.

(3.62)

We recall that by applying (3.6) and (3.34) we get the bound from below

µtmin ď
b

ω
. (3.63)

Thus, from (3.60) we obtain

1

2

d

dt
}∆v}

2
2 ` µtmin}Dp∆vq}

2
2 ď 2p∆v b v,∇∆vq ` 2p∇v b ∇v,∇∆vq ´ ĂW pvq. (3.64)

To estimate the right-hand side we use the Hölder inequality and we get

2p∆v b v,∇∆vq ` 2p∇v b ∇v,∇∆vq ď 2}v}3}∆v}6 }∇∆v}2 ` 2}∇v}
2
4 }∇∆v}2 .

Then, after applying the Sobolev inequalities and Gagliardo-Nierenberg inequality (1.6)

we get

2p∆v b v,∇∆vq ` 2p∇v b ∇v,∇∆vq ď Cp}v}3 ` }∇v}2q}∇3v}
2
2,

where C depends only on Ω. Using the interpolating inequality

}v}3 ď C }v}
1
2
2 }∇v}

1
2
2 ,

we obtain

1

2

d

dt
}∆v}

2
2 ` µtmin}Dp∆vq}

2
2 ď C

´

}v}
1
2
2 }∇v}

1
2
2 ` }∇v}2

¯

}∇3v}
2
2 ´ ĂW pvq. (3.65)
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Now we focus our attention on the equation (3.61). After applying (3.63) we get

1

2

d

dt
}∆ω}

2
2 ` µtmin}∇∆ω}

2
2 ď pv∇2ω,∇∆ωq ` p∇ω∇v,∇∆ωq

´ 2κ2p|∇ω|
2 ,∆ωq ´ W pωq,

where we used the nonnegativity of 2κ2 pω∆ω,∆ωq. By the Hölder inequality we have

1

2

d

dt
}∆ω}

2
2 ` µtmin}∇∆ω}

2
2 ď }v}3}∇2ω}6 }∇∆ω}2 ` 2}∇ω}4}∇v}4 }∇∆ω}2

` 2κ2 }∇ω} 6
5

}∇ω}
8

}∆ω}6 ´ W pωq.

Applying the estimate (1.12) to the term }∇ω}
8

and (1.7) to term }v}3 yields

1

2

d

dt
}∆ω}

2
2 ` µtmin}∇∆ω}

2
2 ď C

´

}v}
1
2
2 }∇v}

1
2
2 ` κ2 }∇ω} 6

5

¯

}∇3ω}
2
2

` 2}∇ω}4}∇v}4 }∇∆ω}2 ´ W pωq.

Using inequality (1.10) gives

1

2

d

dt
}∆ω}

2
2 ` µtmin}∇∆ω}

2
2 ď C

´

}v}
1
2
2 }∇v}

1
2
2 ` κ2 }∇ω} 6

5

¯

}∇3ω}
2
2

` C }∇ω}
1
2
3
2

}∇v}
1
2
3
2

›

›∇3ω
›

›

3
2

2

›

›∇3v
›

›

1
2

2
´ W pωq,

where C depends only on Ω. So finally, after applying the Young inequality with exponents

(4
3
, 4) we obtain

1

2

d

dt
}∆ω}

2
2 ` µtmin}∇∆ω}

2
2 ď C

´

}v}
1
2
2 }∇v}

1
2
2 ` κ2 }∇ω} 6

5
` }∇ω}

1
2
3
2

}∇v}
1
2
3
2

¯

¨
`

}∇3ω}
2
2 ` }∇3v}

2
2

˘

´ W pωq.

(3.66)

Now, let us turn our attention to equation (3.62). We integrate by parts

´p∆ pbωq ,∆bq “ ´pω∆b,∆bq ´ 2p∇ω∇b,∆bq ´ pb∆ω,∆bq,

ˆ

∇
ˆ

b

ω
|Dpvq|

2

˙

,∇∆b

˙

“

ˆ

∇b
ω

|Dpvq|
2,∇∆b

˙

´

ˆ

b∇ω
ω2

|Dpvq|
2,∇∆b

˙

` 2

ˆ

b

ω
Dpvq∇Dpvq,∇∆b

˙

.

74



3.3. PROOF OF THEOREM 3.2.1

Using the above calculations we may write (3.62) in the following form

1

2

d

dt
}∆b}22 `

ˆ

b

ω
∇∆b,∇∆b

˙

“ pv∇2b,∇∆bq ` p∇b∇v,∇∆bq ´ pω∆b,∆bq

´ 2p∇ω∇b,∆bq ´ pb∆ω,∆bq ´

ˆ

∇b
ω

|Dpvq|
2,∇∆b

˙

`

ˆ

b∇ω
ω2

|Dpvq|
2,∇∆b

˙

´ 2

ˆ

b

ω
Dpvq∇Dpvq,∇∆b

˙

´ W pbq.

The third term on the right-hand side is non-positive. Hence, using (3.63), we get

1

2

d

dt
}∆b}22 ` µtmin}∇∆b}22 ď p∇b∇v,∇∆bq ` pv∇2b,∇∆bq

´ 2p∇ω∇b,∆bq ´ pb∆ω,∆bq ´

ˆ

∇b
ω

|Dpvq|
2,∇∆b

˙

`

ˆ

b∇ω
ω2

|Dpvq|
2,∇∆b

˙

´ 2

ˆ

b

ω
Dpvq∇Dpvq,∇∆b

˙

´ W pbq.

(3.67)

From the Hölder inequality we obtain

1

2

d

dt
}∆b}22 ` µtmin}∇∆b}22 ď }∇b}4}∇v}4 }∇∆b}2 ` }v}3}∇2b}6 }∇∆b}2

` 2 }∇ω} 6
5

}∇b}
8

}∆b}6 ` }b} 3
2

}∆ω}6}∆b}6 `

›

›

›

›

1

ω

›

›

›

›

8

}∇b}6}Dpvq}
2
6 }∇∆b}2

`

›

›

›

›

1

ω

›

›

›

›

2

8

}b}
8

}∇ω}6}Dpvq}
2
6 }∇∆b}2 ` 2

›

›

›

›

1

ω

›

›

›

›

8

}b}
8

}∇Dpvq}6}Dpvq}3 }∇∆b}2 ´ W pbq.

Now, we estimate the right-hand side by applying the Gagliardo-Nirenberg inequalities

by p1.10q : }∇b}4}∇v}4 }∇∆b}2 ď c }∇b}
1
2
3
2

}∇v}
1
2
3
2

›

›∇3b
›

›

3
2

2

›

›∇3v
›

›

1
2

2
,

by p1.7q, p1.8q : }v}3}∇2b}6 }∇∆b}2 ď c }∇v}
1
2
2 }v}

1
2
2 }∇3b}22,

by p1.8q, p1.12q : }∇ω} 6
5

}∇b}
8

}∆b}6 ď c }∇ω} 6
5

}∇3b}22,

by p1.13q, p1.8q : }b} 3
2

}∆ω}6}∆b}6 ď cp}∇b}
1
2
3
2

}b}
1
2
1 ` }b}1q

›

›∇3ω
›

›

2

›

›∇3b
›

›

2
,

by p3.34q, p1.8q, p1.9q :

›

›

›

›

1

ω

›

›

›

›

8

}∇b}6}Dpvq}
2
6 }∇∆b}2

ď cpωtminq
´1

›

›∇2b
›

›

2
}∇v}2

›

›∇3v
›

›

2

›

›∇3b
›

›

2
,

by p3.34q, p1.11q, p1.8q, p1.9q :

›

›

›

›

1

ω

›

›

›

›

2

8

}b}
8

}∇ω}6}Dpvq}
2
6 }∇∆b}2

75



CHAPTER 3. GLOBAL IN TIME SOLUTION FOR SMALL INITIAL DATA

ď cpωtminq
´2

p
›

›∇2b
›

›

2
` }b}1q

›

›∇2ω
›

›

2
}∇v}2

›

›∇3v
›

›

2

›

›∇3b
›

›

2
,

by p3.34q, p1.11q, p1.8q, p1.7q :

›

›

›

›

1

ω

›

›

›

›

8

}b}
8

}∇Dpvq}6}Dpvq}3 }∇∆b}2

ď cpωtminq
´1

p
›

›∇2b
›

›

2
` }b}1q

›

›∇3v
›

›

2
}∇v}

1
2
2

›

›∇2v
›

›

1
2

2

›

›∇3b
›

›

2
,

where c depends only on Ω. Thus, if we apply the Young inequality to separate the norms

of the third-order derivatives, then we obtain

1

2

d

dt
}∆b}22 ` µtmin}∇∆b}22 ď c

´

}∇b}
1
2
3
2

}∇v}
1
2
3
2

` }∇v}
1
2
2 }v}

1
2
2 ` }∇ω} 6

5
` }∇b}

1
2
3
2

}b}
1
2
1

` }b}1 ` pωtminq
´1

›

›∇2b
›

›

2
}∇v}2 ` pωtminq

´2
`›

›∇2b
›

›

2
` }b}1

˘ ›

›∇2ω
›

›

2
}∇v}2

` pωtminq
´1

`
›

›∇2b
›

›

2
` }b}1

˘

}∇v}
1
2
2

›

›∇2v
›

›

1
2

2

¯

¨

´

}∇3v}
2
2 ` }∇3ω}

2
2 ` }∇3b}22

¯

´ W pbq,

(3.68)

where c depends only on Ω. We note that after integration by parts we get }∇2f}2 “ }∆f}2

for f P V2 and 2}Dp∆vq}22 “ }∇3v}22 (see (2.31), (2.32)). Hence, summing the inequalities

(3.65), (3.66) and (3.68), we obtain

1

2

d

dt

`

}∆v}
2
2 ` }∆ω}

2
2 ` }∆b}22

˘

` µtmin

`

}∇∆v}
2
2 ` }∇∆ω}

2
2 ` }∇∆b}22

˘

ď C
´

}v}
1
2
2 }∇v}

1
2
2 ` }∇v}2 ` }∇ω} 6

5
` }∇ω}

1
2
3
2

}∇v}
1
2
3
2

` }∇b}
1
2
3
2

}∇v}
1
2
3
2

` }∇b}
1
2
3
2

}b}
1
2
1 ` }b}1 ` pωtminq

´1
›

›∇2b
›

›

2
}∇v}2 ` pωtminq

´2
›

›∇2b
›

›

2

›

›∇2ω
›

›

2
}∇v}2

`
}b}1

pωtminq2

›

›∇2ω
›

›

2
}∇v}2 ` pωtminq

´1
›

›∇2b
›

›

2
}∇v}

1
2
2

›

›∇2v
›

›

1
2

2
`

}b}1
ωtmin

}∇v}
1
2
2

›

›∇2v
›

›

1
2

2

¯

¨

´

}∇∆v}
2
2 ` }∇∆ω}

2
2 ` }∇∆b}22

¯

´ ĂW pvq ´ W pωq ´ W pbq,

where C depends only on κ2 and Ω. Before we estimate the last three terms we will

introduce the following notation

X0ptq :“ }vptq}
2
2 ` }bptq}

2
1,

X1ptq :“ }∇vptq}
2
2 ` }∇ωptq}

2
2 ` }∇bptq}

2
2,

X2ptq :“ }∆vptq}
2
2 ` }∆ωptq}

2
2 ` }∆bptq}

2
2,

X3ptq :“ }∇∆vptq}
2
2 ` }∇∆ωptq}

2
2 ` }∇∆bptq}

2
2.

(3.69)
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After using the Hölder inequality we obtain

1

2

d

dt
X2 ` µtminX3 ď C

´

X
1
4
0 X

1
4
1 ` X

1
2
1 ` }b}1 ` pωtminq

´1X
1
2
1 X

1
2
2 ` pωtminq

´2X
1
2
1 X2

`
}b}1

pωtminq2
X

1
2
1 X

1
2
2 ` pωtminq

´1X
1
4
1 X

3
4
2 `

}b}1
ωtmin

X
1
4
1 X

1
4
2

¯

¨ X3 ´ ĂW pvq ´ W pωq ´ W pbq,
(3.70)

where C depends only on κ2 and Ω. Now, we need to estimate terms ĂW pvq, W pωq, W pbq,

which were defined by (3.57)-(3.59). In each case the estimates are similar. Thus, we

consider W pfq for general f P V3. In this case, we have

|W pfq| ď 2

›

›

›

›

1

ω

›

›

›

›

8

}∇b}3}∇2f}6 }∇∆f}2 ` 2

›

›

›

›

1

ω

›

›

›

›

2

8

}b}
8

}∇ω}3}∇2f}6 }∇∆f}2

`

›

›

›

›

1

ω

›

›

›

›

8

}∆b}6}∇f}3 }∇∆f}2 ` 2

›

›

›

›

1

ω

›

›

›

›

2

8

}∇b}6}∇ω}6}∇f}6 }∇∆f}2

`

›

›

›

›

1

ω

›

›

›

›

2

8

}b}
8

}∆ω}6}∇f}3 }∇∆f}2 ` 2

›

›

›

›

1

ω

›

›

›

›

3

8

}b}
8

}∇ω}
2
6}∇f}6 }∇∆f}2 .

As before, we use (3.34) and (1.7)-(1.13) and we have

|W pfq| ď
c

ωtmin

´

}∇b}
1
2
2 }∆b}

1
2
2

›

›∇3f
›

›

2
` pωtminq

´1
p}∆b}2 ` }b}1q }∇ω}

1
2
2 }∆ω}

1
2
2

›

›∇3f
›

›

2

` }∇f}
1
2
2 }∆f}

1
2
2 }∇∆b}2 ` pωtminq

´1
}∇b}

1
2
2 }∇ω}

1
2
2 }∆f}2 }∇∆ω}

1
2
2 }∇∆b}

1
2
2

` pωtminq
´1

p}∆b}2 ` }b}1q }∇f}
1
2
2 }∆f}

1
2
2 }∇∆ω}2

` pωtminq
´2

p}∆b}2 ` }b}1q }∇ω}2 }∆f}2 }∇∆ω}2

¯

}∇∆f}2 ,

where c depends only on Ω. We obtain an analogous estimate for ĂW pvq. Then, using

notation (3.69), we obtain

|ĂW pvq| ` |W pωq| ` |W pbq| ď
c

ωtmin

´

X
1
4
1 X

1
4
2 ` pωtminq

´1X
1
4
1 X

3
4
2 `

}b}1
ωtmin

X
1
4
1 X

1
4
2 ` X

1
4
1 X

1
4
2

` pωtminq
´1X

1
2
1 X

1
2
2 ` pωtminq

´1X
1
4
1 X

3
4
2 `

}b}1
ωtmin

X
1
4
1 X

1
4
2

`
1

pωtminq2
X

1
2
1 X2 `

}b}1
pωtminq2

X
1
2
1 X

1
2
2

¯

¨ X3,
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where c is as earlier. We simplify further

|ĂW pvq| ` |W pωq| ` |W pbq| ď
c

pωtminq2

´

`

ωtmin ` }b}1
˘

X
1
4
1 X

1
4
2 `

ˆ

1 `
}b}1
ωtmin

˙

X
1
2
1 X

1
2
2

` X
1
4
1 X

3
4
2 ` pωtminq

´1X
1
2
1 X2

¯

¨ X3

(3.71)

and c depends only on Ω. Using this estimate in (3.70) we get

1

2

d

dt
X2 ` µtminX3 ď C

˜

X
1
4
0 X

1
4
1 ` X

1
2
1 ` }b}1 `

ˆ

1

ωtmin

`
}b}1
ωtmin

`
}b}1

pωtminq2

˙

X
1
4
1 X

1
4
2

`

ˆ

1

ωtmin

`
1

pωtminq2
`

}b}1
pωtminq2

`
}b}1

pωtminq3

˙

X
1
2
1 X

1
2
2

`

ˆ

1

ωtmin

`
1

pωtminq2

˙

X
1
4
1 X

3
4
2 `

ˆ

1

pωtminq2
`

1

pωtminq3

˙

X
1
2
1 X2

¸

¨ X3,

(3.72)

where C “ CpΩ, κ2q. After applying the Poincaré inequality we obtain X1 ď C2
pX2, so

we may simplify further

1

2

d

dt
X2 ` µtminX3 ď C

´

X
1
4
0 X

1
4
2 ` }b}1 `

ˆ

1 `
1

ωtmin

`
}b}1
ωtmin

`
}b}1

pωtminq2

˙

X
1
2
2

`

ˆ

1

ωtmin

`
1

pωtminq2
`

}b}1
pωtminq2

`
}b}1

pωtminq3

˙

X2 `

ˆ

1

pωtminq2
`

1

pωtminq3

˙

X
3
2
2

¯

¨ X3.

(3.73)

By (3.6) and (3.38) we have }bptq}1 ď bmaxptq. Hence, using (3.8), (3.35), (3.38) and (3.69)

we get

X
1
4
0 ptq ď

¨

˝}v0}
2
2 exp

¨

˝´

bmin

´

p1 ` κ2ωmaxtq
2´ 1

κ2 ´ 1
¯

C2
pω

2
max p2κ2 ´ 1q

˛

‚` b2maxptq

˛

‚

1
4

” Aptq

and we obtain

X
1
4
0 X

1
4
2 ` }b}1 ď AptqX

1
4
2 ` bmaxptq.

Applying this inequality in (3.73) yields

d

dt
X2 ` 2µtminX3 ď CΩ,κ2

´

bmaxptq ` AptqX
1
4
2 ` BptqX

1
2
2 ` CptqX2 ` DptqX

3
2
2

¯

¨ X3, (3.74)
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where CΩ,κ2 depends only on Ω, κ2 and we used the notation (3.9)-(3.11). We denote

Zptq “

´

bmaxptq ` AptqX
1
4
2 ` BptqX

1
2
2 ` CptqX2 ` DptqX

3
2
2

¯

. (3.75)

Thus, the inequality (3.74) may be written in the following form

d

dt
X2ptq `

`

µtmin ´ CΩ,κ2Zptq
˘

X3ptq ď ´µtminX3ptq.

Using the Poincaré inequality implies

d

dt
X2ptq `

`

µtmin ´ CΩ,κ2Zptq
˘

X3ptq ď ´
µtmin

C2
p

X2ptq. (3.76)

By definition (3.7) and (3.69) we have Y2p0q “ X2p0q. Hence, using (3.12) and (3.75) we

get Z0p0q “ Zp0q. Next, by assumption (3.16) we have

bmin

ωmax

´ CΩ,κ2Z0p0q ą 0,

so we have
bmin

ωmax

´ CΩ,κ2Zp0q ą 0.

We note that pv, ω, bq P L2pr0, T ˚q;H3pΩqq and pv,t, ω,t, b,tq P L2pr0, T ˚q;H1pΩqq. Hence,

we have X2 P Cpr0, T ˚qq. Therefore, there are two possibilities:

@t P r0, T ˚
q µtmin ´ CΩ,κ2Zptq ą 0 or Dt˚ P p0, T ˚

q µt
˚

min ´ Zpt˚q “ 0.

In the first case, the inequality (3.76) gives a uniform estimate

}∆vptq}
2
2 ` }∆ωptq}

2
2 ` }∆bptq}

2
2 ď }∆v0}

2
2 ` }∆ω0}

2
2 ` }∆b0}

2
2 for t P r0, T ˚

q. (3.77)

By (3.35)-(3.40) we have

}vptq}2 ď }v0}2 , }ωptq}2 ď }ω0}2 ,

}bptq}2 ď cp
›

›∇2bptq
›

›

2
` }bptq}1q ď cp

›

›∇2bptq
›

›

2
` }b0}1 `

1

2
}v0}

2
2q
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for t P r0, T ˚q, where c “ cpΩq. These estimates together with (3.77) give

}vptq}
2
2,2 ` }ωptq}

2
2,2 ` }bptq}

2
2,2 ď c

`

}v0}
2
2,2 ` }ω0}

2
2,2 ` }b0}

2
2,2

˘

(3.78)

for t P r0, T ˚q, where c depends only on Ω. We denote the right-hand side of (3.78)

by δ. We set K “ tpωtmin, ω
t
max, b

t
minq : t P r0, T ˚su. Then K is the compact subset

of tpa, b, cq : 0 ă a ď b, 0 ă cu and by Theorem 2.1.1 there exists t˚K,δ such that the

problem (1)-(5) with the initial condition pvptq, ωptq, bptqq can be extended to the interval

rt, t` t˚K,δq, where t is arbitrary in r0, T ˚q. For t ą T ˚ ´ t˚K,δ we obtain the contradiction

with definition of T ˚ (see (3.30)).

In the second case, using the continuity of r0, T ˚q Q t ÞÑ µtmin ´ CΩ,κ2Zptq we may

assume that t˚ P p0, T ˚q is the first point with this property, i.e. µtmin ´ CΩ,κ2Zptq ą 0 for

t P r0, t˚q and µt˚min ´ Zpt˚q “ 0. Then, from (3.76) it follows

d

dt
X2ptq ď ´

1

C2
p

µtminX2ptq for t P p0, t˚q.

Using (3.6) we may write

d

dt
X2ptq ď ´

1

C2
p

bmin

ωmax

p1 ` κ2ωmaxtq
1´1{κ2 X2ptq for t P p0, t˚q.

Thus, after multiplying by an appropriate exponential function we obtain the bound

X2ptq ď X2p0q exp

ˆ

´
1

C2
p

bmin

p2κ2 ´ 1qω2
max

´

p1 ` κ2ωmaxtq
2´1{κ2 ´ 1

¯

˙

for t P p0, t˚q.

By definition (3.7), the above inequality means X2ptq ď Y2ptq for t P r0, t˚q. Hence, we get

X2pt˚q ď Y2pt˚q. Using the definition (3.12) and (3.75), we deduce that Zpt˚q ď Z0pt˚q

and then

0 “ µt
˚

min ´ CΩ,κ2Zpt˚q ě µt
˚

min ´ CΩ,κ2Z0pt
˚
q ą 0,

so we get a contradiction with the assumption (3.16). Thus, we obtain that T ˚ ě T and

the theorem 3.2.1 is proved.

It remains to prove Corollary 3.2.4.1.
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3.4. Proof of Corollary 3.2.4.1

We shall show that the condition (3.16) is satisfied for T “ 8. Firstly, for κ2 ě 1 we

note that from (3.17) it follows

bmin

ωmax

ą 2CΩ,κ2

ˆ

}b0}1 `
1

2
}v0}

2
2

ˆ

1 ` I8

ˆ

κ2,
ωmin

ωmax

,
bmin

pωmaxq2

˙˙˙

p1 ` κ2ωmintq
´1

for t ě 0. Hence, after multiplying the both sides by p1 ` κ2ωmintq
1´ 1

κ2 we get

µtmin ě
bmin

ωmax

p1 ` κ2ωmintq
1´ 1

κ2 ą 2CΩ,κ2bmaxptq. (3.79)

For κ2 P
`

1
2
, 1
˘

from (3.18) it follows

bmin

ωmax

p1 ` κ2ωmaxtq

ą 2CΩ,κ2

ˆ

ωmax

ωmin

˙
1
κ2

ˆ

}b0}1 `
1

2
}v0}

2
2

ˆ

1 ` I8

ˆ

κ2,
ωmin

ωmax

,
bmin

pωmaxq2

˙˙˙

for t ě 0. Hence, after multiplying the both sides by p1 ` κ2ωmaxtq
´ 1

κ2 we get

µtmin ą 2CΩ,κ2bmaxptq

ˆ

ωmax

ωmin

¨
1 ` κ2ωmint

1 ` κ2ωmaxt

˙
1
κ2

.

We note that the function 1`κ2ωmint
1`κ2ωmaxt

is decreasing and strictly greater than ωmin

ωmax
, so we

have

µtmin ą 2CΩ,κ2bmaxptq. (3.80)

Next, we shall show that a0 is finite. Recall that κ2 ą 1
2

and then by (3.4), (3.8) we deduce

that p1 ` κ2ωmaxtq
1
κ2

´1
Aptq decays at infinity as p1` κ2ωmaxtq

1
2κ2

´1. Thus, the expression

p1 ` κ2ωmaxtq
1
κ2

´1
Aptq is uniformly bounded on r0,8q. Furthermore, the remaining terms

in the definition of a0 can be estimated by expressions of the form p1 ` κ2ωmaxtq
αY β

2 ptq,

where α ď 3 and β ą 0. We recall that the function Y2ptq decays exponentially, therefore

a0 is finite.

Finally, by (3.19) we get bmin

ωmax
ą a0Y

1
4
2 ptq for t P r0,8q. Thus, using the definition of

a0 we obtain

bmin

ωmax

ą 2CΩ,κ2p1 ` κ2ωmaxtq
1
κ2

´1
´

AptqY
1
4
2 ptq ` BptqY

1
2
2 ` CptqY2ptq ` DptqY

3
2
2 ptq

¯
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for t P r0,8q, so we get

µtmin ą 2CΩ,κ2

´

AptqY
1
4
2 ptq ` BptqY

1
2
2 ` CptqY2ptq ` DptqY

3
2
2 ptq

¯

. (3.81)

Summing (3.79) or (3.80), (3.81) and using definition (3.12) we get 2µtmin ą 2CΩ,κ2Z0ptq.

Hence, the condition (3.16) holds for T “ 8.



Chapter 4

Existence and uniqueness of local in time

solutions for HspTdq initial data

In this section, we will show the existence of the local in-time solutions for initial data

from HspTdq and s ą d
2
. Presented methodology heavily relies on the results of Chapter A.

Moreover, the restriction on s follows from interpolation inequalities, Lemma 1.3.3 and

the Grönwall inequality. The results were published in [29] in the form of a preprint.

4.1. Notation and main result

Assume that Ω “ Td, T ą 0 and ΩT “ Ω ˆ p0, T q. We shall consider problem (1)-(5)

in ΩT . Constants ν0, κ1, . . . , κ4 are positive. For simplicity, we assume further that all

constants except of κ2 are equal to one. The reason is that the constant κ2 plays an

important role in a priori estimates.

We shall show the local-in-time existence of a regular solution of problem (1)-(5) under

some assumption imposed on the initial data. Namely, suppose that v0 P Hs
divpTdq, ω0,

b0 P HspTdq, where s ą d
2

and that there exist positive numbers bmin, ωmin, ωmax such that

0 ă bmin ď b0pxq, (4.1)

0 ă ωmin ď ω0pxq ď ωmax (4.2)

on Td. Additionally, based on the introduced bound we define

btmin “
bmin

p1`κ2ωmaxtq
1
κ2

, ωtmin “
ωmin

1`κ2ωmint
,

ωtmax “ ωmax

1`κ2ωmaxt
, µtmin “ 1

4

btmin

ωt
max
.

(4.3)



CHAPTER 4. EXISTENCE AND UNIQUENESS OF LOCAL IN TIME SOLUTIONS FOR HspTdq

INITIAL DATA

Now, we introduce the notion of a solution to the system (1)-(5). Let s ą d
2
. We say

that triple pv, ω, bq such that

v P Cpr0, t˚q, Hs
divpTdqq X L2

p0, t˚, Hs`1
div pTdqq X W 1,2

p0, t˚, Hs´1
div pTdqq, (4.4)

pω, bq P
`

Cpr0, t˚q, Hs
`

Td
˘

q X L2
p0, t˚, Hs`1

`

Td
˘

q X W 1,2
p0, t˚, Hs´1

pTdqq
˘2 (4.5)

is a solution to (1)-(5) on time interval r0, T q if

pv,t, wq ´ pv b v,∇wq ` pµDpvq, Dpwqq “ 0 for w P H1
divpTdq, (4.6)

pω,t, zq ´ pωv,∇zq ` pµ∇ω,∇zq “ ´κ2pω2, zq for z P H1
pTdq, (4.7)

pb,t, qq ´ pbv,∇qq ` pµ∇b,∇qq “ ´pbω, qq ` pµ|Dpvq|
2, qq for q P H1

pTdq, (4.8)

holds for a.a. t P p0, T q, µ “ b
ω

and (5) holds. Recall that Dpvq denotes the symmetric

part of ∇v and p¨, ¨q is the inner product in L2pΩq.

Now we can formulate existence and uniqueness results.

Theorem 4.1.1. Let d P Ně2, s ą d{2. Let pv0, ω0, b0q P
`

Hs
`

Td
˘˘d`2 be such that

div v0 “ 0, minxPTd b0pxq ą 0 and minxPTd ω0pxq ą 0. Additionally, let time T ą 0 be such

that

p1 ´ 2´β`1
q
`

1 ` }v0, ω0, b0}
2
Hs

˘´β`1
“ pβ ´ 1q

ż T

0

Cpbmin, ωmin, s, τqdτ,

where Cpωmin, bmin, s, τq is a rational function which is finite for τ ě 0 (see (4.45)) and

β “ βpsq ą 1. Then, there exists t˚ ą T such that the system (4.6)-(4.8) has a unique

solution pv, ω, bq on r0, t˚q.

Theorem 4.1.2. Let d P Ně2, s ą d{2. Let pv0, ω0, b0q P
`

Hs
`

Td
˘˘d`2 be such that

div v0 “ 0, minxPTd b0pxq ą 0 and minxPTd ω0pxq ą 0. Let T ą 0 and pvi, ωi, biq be two

solutions to system (4.6)-(4.8). Then

v1 “ v2, ω1
“ ω2, b1 “ b2 @pt, xq P r0, T s ˆ Td.
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4.2. Proof of Theorem 4.1.1

The proof will be divided into several steps to better present and simplify the used

methodology.

4.2.1. Definitions of auxiliary functions

To define an approximate problem we have to introduce a few auxiliary functions. For

fixed t ą 0 we denote by Ψt “ Ψtpxq a smooth, non-decreasing function such that

Ψtpxq “

$

&

%

1
2
btmin for x ă 1

2
btmin

x for x ě btmin

, (4.9)

where btmin is defined by (4.3). We assume that the function Ψt also satisfies

|Ψ
pkq

t pxq| ď c0pbtminq
1´k

@k P t1, . . . , rss ` 1u, (4.10)

where, c0 is a constant independent of x and t (see Section 1.4 for details). We also need

a smooth, non-decreasing function Φt such that

Φtpxq “

$

’

’

’

&

’

’

’

%

1
2
ωtmin for x ă 1

2
ωtmin

x for x P rωtmin, ω
t
maxs

2ωtmax for x ą 2ωtmax

. (4.11)

We assume that this function additionally satisfy

|Φ
pkq

t pxq| ď c0pω
t
minq

1´k
@k P t1, . . . , rss ` 1u, (4.12)

for some constant c0 (see Section 1.4 for details).

4.2.2. Approximated system

To obtain an approximate system we will follow the procedure used in [50], [49]. Let

us define the operator Pn in the following way

Pnfpxq “
ÿ

|k|ăn

fke
2πikx, fk “

ż

Td

fpxqe´2πikxdx. (4.13)
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In later parts we will require some properties of the Pn operator. First, it is obvious that

PnPn “ Pn,

which follows from the orthogonality in L2pTdq of the functions te2πikxukPZd . Let us define

Cpn, dq “
ř

|k|ăn 1 and observe that for m P N and 1 ď p ď 8 we have

›

›

›

›

Bm pPnfq

Bxi1 . . . Bxim

›

›

›

›

p

“ p2πq
m

›

›

›

›

›

›

ÿ

|k|ăn

ki1 . . . kimfke
2πik¨

›

›

›

›

›

›

p

ď p2πq
m

ÿ

|k|ăn

|ki1 . . . kim ||fk|
›

›e2πik¨
›

›

p

ď p2πnq
m

ÿ

|k|ăn

|fk| ď p2πnq
m
a

Cpn, dq

ˆ

ÿ

|k|ăn

|fk|
2

˙
1
2

“ p2πnq
m
a

Cpn, dq }Pnf}2 .

Thus for m P N and 1 ď p ď 8 we have

}Pnf}Wm,ppTdq
ď Cpn,m, dq }Pnf}2 . (4.14)

The obtained result is not surprising and could be justified based on the equivalence of

norms in finite-dimensional spaces. Also, we can easily check that the order of differenti-

ation and Pn, when sequentially applied to function f : Td Ñ C, is interchangeable

ˆ

Pn
Bf

Bxi

˙

pxq “
ÿ

|k|ăn

ż

Td

Bfpx1q

Bx1
i

e´2πikx1

dx1e2πikx “
ÿ

|k|ăn

2πiki

ż

Td

fpx1
qe´2πikx1

dx1e2πikx

“
B

Bxi

¨

˝

ÿ

|k|ăn

ż

Td

fpx1
qe´2πikx1

dx1e2πikx

˛

‚“

ˆ

B

Bxi
Pnf

˙

pxq.

Thus it is clear that the following relations hold:

Pn div f “ divPnf, Pn∇f “ ∇Pnf, Pn∆f “ ∆Pnf. (4.15)
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Before we define an ODE system we have to solve (for αnk,j, γnk , ηnk ), we introduce the

following functions

vn,jpx, tq “
ÿ

|k|ăn

αnk,jptqe
2πikx, ωnpx, tq “

ÿ

|k|ăn

βnk ptqe2πikx,

bnpx, tq “
ÿ

|k|ăn

γnk ptqe2πikx, pnpx, tq “
ÿ

|k|ăn

ηnk ptqe2πikx.
(4.16)

Thanks to the orthonormality of the basis te2πikxukPZd in L2pTdq we have

}vnptq}
2
2 “

ÿ

|k|ăn

|αnk,jptq|
2, }ωnptq}

2
2 “

ÿ

|k|ăn

|βnk ptq|
2, }bnptq}

2
2 “

ÿ

|k|ăn

|γnk ptq|
2. (4.17)

Additionally, we define the function µn is the following way:

µn “
ΨtpRepbnqq

ΦtpRepωnqq
. (4.18)

The modification was introduced to guarantee positive signs of diffusive terms. Moreover,

the presence of Rep¨q in the definition of µn allows us to deal with possibly complex-valued

solutions. Now we consider the following system of equations

Btα
n
k,j “

´

p´Pn pvn ¨ ∇vnq ` div pPn pµnDpvnqqq ` ∇pnqj , e
´2πik¨

¯

, (4.19)

Btβ
n
k “

`

´Pn pvn ¨ ∇ωnq ` div pPn pµn∇ωnqq ´ κ2Pn
`

ω2
n

˘

, e´2πik¨
˘

, (4.20)

Btγ
n
k “

`

´Pn pvn ¨ ∇bnq ` div pPn pµn∇bnqq ´ Pn pbnωnq ` Pn
`

µn|Dvn|
2
˘

, e´2πik¨
˘

(4.21)

complemented by the initial conditions

αnk,jp0q “
`

v0,j, e
´2πik¨

˘

, βnk p0q “
`

ω0, e
´2πik¨

˘

, γnk p0q “
`

b0, e
´2πik¨

˘

(4.22)

and the following equation from which the pressure is calculated

´∆pn “ div
”

Pn pvn ¨ ∇vnq ´ div pPn pµnDpvnqqq

ı

,

ż

Td

pnpxqdx “ 0. (4.23)
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The introduced system of equations can be represented in the following form

d

dt

»

—

—

—

—

–

`

αnk,j
˘

k“1,...,n
j“1,...,d

pβnk qk“1,...,n

pγnk qk“1,...,n

fi

ffi

ffi

ffi

ffi

fl

“ F

ˆ

`

αnk,j
˘

k“1,...,n
j“1,...,d

, pβnk qk“1,...,n , pγ
n
k qk“1,...,n , t

˙

. (4.24)

To show the existence of a solution of system (4.19) - (4.23) we will show that the

right-hand side is locally Lipschitz continuous with respect to αnk,j, βnk , γnk , so basically,

we need to estimate

|F pαn,2k,j , β
n,2
k , γn,2k , tq ´ F pαn,1k,j , β

n,1
k , γn,1k , tq|.

To this end, we introduce the following functions

vmn,jpxq “
ÿ

|k|ăn

αn,mk,j e
2πikx, ωmn pxq “

ÿ

|k|ăn

βn,mk e2πikx, bmn pxq “
ÿ

|k|ăn

γn,mk e2πikx. (4.25)

We also introduce

µmn “
ΨtpRepb

m
n qq

ΦtpRepωmn qq
. (4.26)

Additionally, functions pmn are calculated with the help of the system (4.23), with a natural

substitution of functions on the right-hand side: vn,j Ñ vmn,j, ωn Ñ ωmn , bn Ñ bmn .

We start checking the local Lipschitz continuity by considering the term of the right-hand

side of (4.19) involving the pressure term. We see that

ˇ

ˇ

`

p∇p2nqj, e
´2πik¨

˘

´
`

p∇p1nqj, e
´2πik¨

˘
ˇ

ˇ ď
›

›e´2πik¨
›

›

2

›

›∇
`

p2n ´ p1n
˘
›

›

2
ď
›

›∇
`

p2n ´ p1n
˘
›

›

2
.

From the basic theory of elliptic partial differential equations, the solution of (4.23) exists

and the following estimate holds

}∇
`

p2n ´ p1n
˘

}
2
2 ď C

`

}Pn
`

v2n ¨ ∇v2n
˘

´ Pn
`

v1n ¨ ∇v1n
˘

}
2
2

` } div
´

Pn

´

µ2
nDv

2
n

¯¯

´ div
´

Pn

´

µ1
nDv

1
n

¯¯

}
2
2

˘

.
(4.27)
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Let us analyse terms of the right-hand side of (4.27) separately. First by using the triangle

inequality, Hölder inequality and (4.14) we get

›

›Pn
`

v2n ¨ ∇v2n
˘

´ Pn
`

v1n ¨ ∇v1n
˘
›

›

2
ď
›

›pv2n ´ v1nq ¨ ∇v2n ´ v1n ¨ ∇pv1n ´ v2nq
›

›

2

ď
›

›∇v2n
›

›

8

›

›v2n ´ v1n
›

›

2
`
›

›v1n
›

›

8

›

›∇pv1n ´ v2nq
›

›

2
ď Cp

›

›v2n
›

›

2
`
›

›v1n
›

›

2
q
›

›v2n ´ v1n
›

›

2
.

(4.28)

Now, we go back to analysing the second term of the right-hand side of (4.27). Again, by

using (4.14) we get

›

›

›
div

´

Pn

´

µ2
nDv

2
n

¯¯

´ div
´

Pn

´

µ1
nDv

1
n

¯¯
›

›

›

2
ď C

›

›

›
µ2
nDv

2
n ´ µ1

nDv
1
n

›

›

›

2
.

By using the triangle inequality and the Hölder inequality we obtain

›

›

›
div

´

Pn

´

µ2
nDv

2
n

¯¯

´ div
´

Pn

´

µ1
nDv

1
n

¯¯
›

›

›

2

ď C
›

›

›
pµ2

n ´ µ1
nqDpv2nq ´ µ1

nDpv1n ´ v2nq

›

›

›

2

ď C
`
›

›Dpv2nq
›

›

8

›

›

›
µ2
n ´ µ1

n

›

›

›

2
`

›

›

›
µ1
n

›

›

›

8

›

›Dpv1n ´ v2nq
›

›

2

˘

.

With the help of (4.14) we have

›

›

›
div

´

Pn

´

µ2
nDv

2
n

¯¯

´ div
´

Pn

´

µ1
nDv

1
n

¯¯›

›

›

2

ď C
´

›

›v2n
›

›

2

›

›

›
µ2
n ´ µ1

n

›

›

›

2
`

›

›

›
µ1
n

›

›

›

8

›

›v2n ´ v1n
›

›

2

¯

.
(4.29)

We see that (4.26), (4.9), (4.11) and (4.14) imply

›

›

›
µ1
n

›

›

›

8
“

›

›

›

›

Ψt pRepb1nqq

Φt pRepω1
nqq

›

›

›

›

8

ď

1
2
btmin ` }b1n}

8

1
2
ωtmin

ď
btmin ` 2C }b1n}2

ωtmin

(4.30)

and

›

›

›
µ2
n ´ µ1

n

›

›

›

2
“

›

›

›

›

ΨtpRe b
2
nq ´ ΨtpRe b

1
nq

ΦtpReω2
nq

´ ΨtpRe b
1
nq
ΦtpReω

2
nq ´ ΦtpReω

1
nq

ΦtpReω1
nqΦtpReω2

nq

›

›

›

›

2

ď
2

ωtmin

›

›ΨtpRe b
2
nq ´ ΨtpRe b

1
nq
›

›

2
`

1
2
btmin ` C }b1n}2
`

1
2
ωtmin

˘2

›

›ΦtpReω
2
nq ´ ΦtpReω

1
nq
›

›

2
.
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Now we use the fact that functions Ψt, Φt are lipschitz continuous and obtain

›

›

›
µ2
n ´ µ1

n

›

›

›

2
ď C

˜

2

ωtmin

›

›b2n ´ b1n
›

›

2
`

1
2
btmin ` C }b1n}2
`

1
2
ωtmin

˘2

›

›ω2
n ´ ω1

n

›

›

2

¸

. (4.31)

Thus by plugging (4.31) and (4.30) into (4.29) we get

›

›

›
div

´

Pn

´

µ2
nDpPnv

2
nq

¯¯

´ div
´

Pn

´

µ1
nDpPnv

1
nq

¯¯›

›

›

2

ď C1

ˆ

›

›v2n ´ v1n
›

›

2
`
›

›b2n ´ b1n
›

›

2
`
›

›ω2
n ´ ω1

n

›

›

2

˙

,
(4.32)

where C1 “ C1

`

}b1n}2 , }v
2
n}2 , b

t
min, ω

t
min

˘

. Therefore by using (4.32), (4.28), (4.27) with

the help of (4.25), (4.17) we get

}∇
`

p2n ´ p1n
˘

}
2
2 ď C2

ˆ d
ÿ

j“1

ÿ

|k|ăn

|αn,2k,j ´ αn,1k,j |
2

` |βn,2k ´ βn,1k,j |
2

`
ÿ

|k|ăn

|γn,2k ´ γn,1k |
2

˙

,

where

C2 “ C2

¨

˝

ÿ

|k|ăn

|γn,1k |
2,

d
ÿ

j“1

ÿ

|k|ăn

|αn,1k,j |
2,

d
ÿ

j“1

ÿ

|k|ăn

|αn,2k,j |
2, btmin, ω

t
min

˛

‚.

The verification of the Lipschitz condition for other terms is analogous to the conducted

calculations. We will give one more estimate

ˇ

ˇ

´

Pn

´

µ2
n|Dv2n|

2
¯

, e´2πik¨
¯

´

´

Pn

´

µ1
n|Dv1n|

2
¯

, e´2πik¨
¯

ˇ

ˇ

ď C
›

›

›
Pn

´

µ2
n|Dv2n|

2
¯

´ Pn

´

µ1
n|Dv1n|

2
¯
›

›

›

2
.

By Hölder’s inequality, we get

›

›

›
Pn

´

µ2
n|Dv2n|

2
¯

´ Pn

´

µ1
n|Dv1n|

2
¯
›

›

›

2

ď

›

›

›
µ2
n ´ µ1

n

›

›

›

2

›

›Dv2n
›

›

2

8
`

›

›

›
µ1
n

›

›

›

8

›

›Dv2n ` Dv1n
›

›

8

›

›Dv2n ´ Dv1n
›

›

2
.

Now, based on (4.30), (4.31), (4.14) and (4.25) we get

›

›

›
Pn

´

µ2
n|DPnv

2
n|

2
¯

´ Pn

´

µ1
n|DPnv

1
n|

2
¯
›

›

›

2

ď
„

C

ˆ

›

›v2n ´ v1n
›

›

2
`
›

›b2n ´ b1n
›

›

2
`
›

›ω2
n ´ ω1

n

›

›

2

˙

,
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where

„

C “
„

C

¨

˝

ÿ

|k|ăn

|γn,1k |
2,

d
ÿ

j“1

ÿ

|k|ăn

|αn,1k,j |
2,

d
ÿ

j“1

ÿ

|k|ăn

|αn,2k,j |
2, btmin, ω

t
min

˛

‚.

Because all right-hand side’s terms in (4.19) - (4.21) are locally lipschitz continuous,

the existence of a unique solution for some Tn ą 0 follows from the Cauchy-Lipschitz

theorem. Now let us multiply equations (4.19)-(4.21) by e2πikx and make the summation

over |k| ă n:

Btvn ` Pn pvn ¨ ∇vnq ´ div pPn pµnDvnqq ` ∇pn “ 0, (4.33)

Btωn ` Pn pvn ¨ ∇ωnq ´ div pPn pµn∇ωnqq “ ´κ2Pn
`

ω2
n

˘

, (4.34)

Btbn ` Pn pvn ¨ ∇bnq ´ div pPn pµn∇bnqq “ ´Pn pbnωnq ` Pn
`

µn|Dvn|
2
˘

, (4.35)

vnp0, xq “ Pnv0pxq, ωnp0, xq “ Pnω0pxq, bnp0, xq “ Pnb0pxq.

Now, by applying the divergence operator to equation (4.33) and by using (4.23), (4.15)

we get

div vn “ 0. (4.36)

Moreover by taking imaginary parts of the system (4.33) - (4.35) and having in mind that

initial data is real-valued, it is easy to check that solutions pvn, ωn, bnq are also real-valued.

We will provide more details for vn. Let us apply Im to equation (4.33), multiply result

by Im vn and integrate over Td to obtain

pBt Im vn, Im vnq ` pPn pIm vn ¨ ∇Re vnq , Im vnq ` pPn pRe vn ¨ ∇ Im vnq , Im vnq

` pPn pµnD Im vnq , D Im vnq ´ pIm pn, divpIm vnqq “ 0.

The last term on the left-hand side is zero due to (4.36). By (4.18), (4.9), (4.11) we have

1

2

d

dt
} Im vn}

2
2 ` µtmin}D Im vn}

2
2 ď }∇Re vn}

8
} Im vn}

2
2

` }Re vn}
8

}Im vn}2 }∇ Im vn}2 .
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By using the Young inequality we get

1

2

d

dt
} Im vn}

2
2 `

µtmin

2
}∇ Im vn}

2
2 ď }∇Re vn}

8
} Im vn}

2
2 `

1

2µtmin

}Re vn}
2
8

}Im vn}
2
2

`
µtmin

2
}∇ Im vn}

2
2 .

Using the Grönwall lemma and the fact that initial data is real-valued we conclude that

} Im vnptq}
2
2 “ 0 @t P r0, Tnq

and thus that velocity is real-valued. A similar approach can be applied to ωn and bn.

Thus, system (4.33) - (4.35) can be rewritten in a following way:

div vn “ 0, (4.37)

Btvn ` Pn pvn ¨ ∇vnq ´ div pPn pµnDvnqq ` ∇pn “ 0, (4.38)

Btωn ` Pn pvn ¨ ∇ωnq ´ div pPn pµn∇ωnqq “ ´κ2Pn
`

ω2
n

˘

, (4.39)

Btbn ` Pn pvn ¨ ∇bnq ´ div pPn pµn∇bnqq “ ´Pn pbnωnq ` Pn
`

µn|Dvn|
2
˘

, (4.40)

vnp0, xq “ Pnv0pxq, ωnp0, xq “ Pnω0pxq, bnp0, xq “ Pnb0pxq, (4.41)

where:

µn “
Ψtpbnq

Φtpωnq
. (4.42)

From the equation (4.16) it is clear that functions pvn, ωn, bnq are smooth with respect to

the spatial coordinates. By employing a standard iterative approach from the theory of

ODE’s (Ck right-hand side implies Ck`1 solution) applied to the system (4.19)-(4.21), it

is easy to conclude that pvn, ωn, bnq are also smooth with respect to time.

4.2.3. Energy estimates

Before we start deriving energy estimates we need to establish some relations between

Js and the derivative. Let f : Td Ñ C, w : Td Ñ Cd such that Pnf “ f and Pnw “ w.
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Let us recall that f̂pkq “
ş

Td fpxqe´2πix¨kdx. Then we have

BJsf

Bxi
pxq “

B

Bxi

ÿ

kPZd:|k|ăn

`

1 ` 4π2
|k|

2
˘s{2

e2πix¨kf̂pkq

“
ÿ

kPZd:|k|ăn

`

1 ` 4π2
|k|

2
˘s{2

e2πix¨k
p2πikiqf̂pkq.

Now using the properties of the Fourier transform acting on a derivative we get

BJsf

Bxi
pxq “

ÿ

kPZd:|k|ăn

`

1 ` 4π2
|k|

2
˘s{2

e2πix¨k
{

ˆ

Bf

Bxi

˙

pkq “ Js
ˆ

Bf

Bxi

˙

pxq.

Thus we have

∇Jsf “ Js∇f, DJsf “ JsDf, Js divw “ div Jsw, ∆Jsf “ Js∆f. (4.43)

Furthermore, it can similarly be shown that

PnJ
sf “ JsPnf. (4.44)

In the next part, we will be calculating various inner products in L2pTdq. Thus to simplify

reasoning it is beneficial to observe that if the function f is a real-valued function then

Jsf is also real-valued. Before we proceed with energy estimates we need to introduce

notation regarding constants dependent on time. In later parts of the proof positive

constants Cpη1, ..., ηm, tq (dependent on the time) are such that

Cpη1, ..., ηm, tq “ rCpη1, ..., ηmqp1 ` tqγ (4.45)

for some γ P R. Let us apply the Js operator to equation (4.38), multiply the result by

Jsvn, and integrate over Td. From this we obtain

1

2

d

dt
}Jsvn}

2
2 ` pJsPn pvn ¨ ∇vnq , Jsvnq ´ pJs divPn pµnDvnq , Jsvnq

“ ´ pJs∇pn, Jsvnq .
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Using properties (4.43), (4.44), integration by parts, and the fact that div vn “ 0 we get

1

2

d

dt
}vn}

2
Hs ´ pJs div pµnDvnq , Jsvnq “ ´ pJs pvn ¨ ∇vnq , Jsvnq . (4.46)

Now using the Hölder inequality and Lemma 1.3.2 implies

|pJs pvn ¨ ∇vnq , Jsvnq| ď C }vn}
2
Hs }∇vn}Hs . (4.47)

Using properties (4.43) and integration by parts yields

´ pJs div pµnDvnq , Jsvnq “ pJs pµnDvnq ,∇ pJsvnqq .

Now, we rewrite the expression in a way that will enable us to use the commutator

estimate:

pJs pµnDvnq ,∇Jsvnq “ pµnDJ
svn,∇Jsvnq ` prJs, µnsDvn,∇Jsvnq , (4.48)

where rJs, µnsDvn :“ JspµnDvnq ´ µnJ
sDvn. We want to estimate the above expression

from below. Using the Hölder inequality, Lemmas 1.3.3, 1.3.7, we get

prJs, µnsDvn,∇Jsvnq ď C p}∇µn}
8

}∇vn}Hs´1 ` }µn}Hs }∇vn}
8

q }∇vn}Hs

ď C p}∇µn}
8

}vn}Hs ` }µn}Hs }∇vn}
8

q }∇vn}Hs .
(4.49)

For now, we will leave the inequality in the above form. By definitions (4.3), (4.9), (4.11)

and (4.42) we have

pµnDJ
svn,∇Jsvnq “ pµnDJ

svn, DJ
svnq ě µtmin }Dvn}

2
Hs . (4.50)

Let us rewrite the right-hand side in the following way

}Dvn}
2
Hs “

d
ÿ

i,j“1

ˆ

pJsvnqi,j ` pJsvnqj,i

2
,

pJsvnqi,j ` pJsvnqj,i

2

˙

“
1

2

d
ÿ

i,j“1

´

pJsvnqi,j , pJ
svnqi,j

¯

`

´

pJsvnqi,j , pJ
svnqj,i

¯

.
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By performing integration by parts and using the fact that div vn “ 0 in combination

with (4.43) and (4.50) we get

pµnDJ
svn,∇Jsvnq ě

1

2
µtmin }∇vn}

2
Hs .

By combining (4.48), (4.49) and the above inequality, we obtain

pµnDvn,∇vnqHs ě
µtmin

2
}∇vn}

2
Hs ´ C }∇µn}

8
}vn}Hs }∇vn}Hs

´ C }µn}Hs }∇vn}
8

}∇vn}Hs .

(4.51)

Using estimates (4.47) and (4.51) in (4.46) implies

1

2

d

dt
}vn}

2
Hs `

µtmin

2
}∇vn}

2
Hs

ď C
´

}∇µn}
8

}vn}Hs }∇vn}Hs ` }µn}Hs }∇vn}
8

}∇vn}Hs ` }vn}
2
Hs }∇vn}Hs

¯

.

Now, according to Lemma 1.3.7 we can express }∇vn}
2
Hs in the following way

}∇vn}
2
Hs “ }vn}

2
Hs`1 ´ }vn}

2
Hs .

We can rewrite inequality in the following way:

1

2

d

dt
}vn}

2
Hs `

µtmin

2
}vn}

2
Hs`1 ď

µtmin

2
}vn}

2
Hs

` C
´

}∇µn}
8

}vn}Hs }vn}Hs`1 ` }µn}Hs }∇vn}
8

}vn}Hs`1 ` }vn}
2
Hs }vn}Hs`1

¯

.

(4.52)

Now, we will proceed with acquiring the estimate on ωn. Let us apply Js operator to the

equation (4.39) and take the inner product with with Jsωn:

1

2

d

dt
}ωn}

2
Hs ` pµn∇ωn,∇ωnqHs “ ´ pvn ¨ ∇ωn, ωnqHs ´ κ2

`

ω2
n, ωn

˘

Hs . (4.53)

Proceeding as in (4.51), we obtain

pµn∇ωn,∇ωnqHs “ pµnJ
s∇ωn, Js∇ωnq ` pJs pµn∇ωnq ´ µnJ

s
p∇ωnq , Js∇ωnq .

95



CHAPTER 4. EXISTENCE AND UNIQUENESS OF LOCAL IN TIME SOLUTIONS FOR HspTdq

INITIAL DATA

Thus using the Hölder inequality and Lemma 1.3.3 we get

pµn∇ωn,∇ωnqHs ě µtmin }∇ωn}
2
Hs ´ C }∇µn}

8
}ωn}Hs }∇ωn}Hs

´ C }µn}Hs }∇ωn}
8

}∇ωn}Hs .
(4.54)

Now, using the Hölder inequality in combination with Lemma 1.3.2, we treat remaining

nonlinearities in a following way:

|pvn ¨ ∇ωn, ωnqHs | ď }vn}Hs }ωn}Hs }∇ωn}Hs , (4.55)
ˇ

ˇ

`

ω2
n, ωn

˘

Hs

ˇ

ˇ ď C }ωn}
3
Hs . (4.56)

Applying inequalities (4.54), (4.55), and (4.56) to (4.53) gives

1

2

d

dt
}ωn}

2
Hs ` µtmin }∇ωn}

2
Hs ď C

´

}∇µn}
8

}ωn}Hs }∇ωn}Hs

` }µn}Hs }∇ωn}
8

}∇ωn}Hs ` }ωn}
3
Hs ` }vn}Hs }ωn}Hs }∇ωn}Hs

¯

.

Using Lemma 1.3.7, we can rewrite it in a more suitable form

1

2

d

dt
}ωn}

2
Hs ` µtmin }ωn}

2
Hs`1 ď µtmin }ωn}

2
Hs ` C

´

}∇µn}
8

}ωn}Hs }ωn}Hs`1

` }µn}Hs }∇ωn}
8

}ωn}Hs`1 ` }ωn}
3
Hs ` }vn}Hs }ωn}Hs }ωn}Hs`1

¯

.

(4.57)

Now estimates for bn will be provided. As before, let us apply Js operator to the equation

(4.40) and take the inner product with with Jsbn:

1

2

d

dt
}bn}

2
Hs ` pµn∇bn,∇bnqHs “ ´ pvn ¨ ∇bn, bnqHs ´ pbnωn, bnqHs

`
`

µn|Dpvnq|
2, bn

˘

Hs .

(4.58)

Proceeding as before, with the use of Lemmas 1.3.3 and 1.3.2 we get:

|pvn ¨ ∇bn, bnqHs | ď }vn}Hs }bn}Hs }∇bn}Hs , (4.59)

|pbnωn, bnqHs | ď C }bn}
2
Hs }ωn}Hs , (4.60)

pµn∇bn,∇bnqHs ě µtmin }∇bn}
2
Hs ´ C }∇µn}

8
}bn}Hs }∇bn}Hs (4.61)

´ C }µn}Hs }∇bn}
8

}∇bn}Hs .
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Now we provide the estimate for the last term of r.h.s. of (4.58). Using Lemmas 1.3.2

and 1.3.1 yields

ˇ

ˇ

`

µn|Dpvnq|
2, bn

˘

Hs

ˇ

ˇ ď }µn}Hs

›

›|Dpvnq|
2
›

›

Hs }bn}Hs

ď C }µn}Hs }∇vn}
8

}∇vn}Hs }bn}Hs .
(4.62)

Finally, by using estimates (4.59), (4.60), (4.61), (4.62) in (4.58) and applying Lemma

1.3.7 we obtain

1

2

d

dt
}bn}

2
Hs ` µtmin }bn}

2
Hs`1 ď µtmin }bn}

2
Hs ` C

ˆ

}∇µn}
8

}bn}Hs }bn}Hs`1

` }µn}Hs }∇bn}
8

}bn}Hs`1 ` }bn}
2
Hs }ωn}Hs ` }vn}Hs }bn}Hs }bn}Hs`1

` }µn}Hs }∇vn}
8

}vn}Hs`1 }bn}Hs

˙

.

(4.63)

By summing inequalities (4.52), (4.57) and (4.63) we get:

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď µtmin }vn, ωn, bn}

2
Hs

` C

ˆ

}µn}Hs p}∇vn}
8

` }∇ωn}
8

` }∇bn}
8

q }vn, ωn, bn}Hs`1 ` }vn, ωn, bn}
3
Hs

` }∇µn}
8

}vn, ωn, bn}Hs }vn, ωn, bn}Hs`1 ` }vn, ωn, bn}
2
Hs }vn, ωn, bn}Hs`1

` }µn}Hs }∇vn}
8

}vn}Hs`1 }bn}Hs

˙

,

(4.64)

where }vn, ωn, bn}
2
Hs “ }vn}

2
Hs ` }ωn}

2
Hs ` }bn}

2
Hs . Now let us see that by definition (4.42)

and (4.9)-(4.12) we have

}∇µn}
8

“

›

›

›

›

∇Ψtpbnq

Φtpωnq

›

›

›

›

8

“

›

›

›

›

Ψ
1

tpbnq

Φtpωnq
∇bn ´

Ψtpbnq

Φ2
t pωnq

Φ
1

tpωnq∇ωn
›

›

›

›

8

ď Cpωmin, tq p}∇bn}
8

` }Ψtpbnq}
8

}∇ωn}
8

q

ď Cpωmin, tq p}∇bn}
8

` pbmin ` }bn}
8

q }∇ωn}
8

q ,

where constant Cpωmin, tq is as in (4.45). Lemma 1.3.4 yields

}∇µn}
8

ď Cpωmin, tq p}∇bn}
8

` pbmin ` }bn}Hsq }∇ωn}
8

q .
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To simplify the expressions we will introduce the polynomial notation: for k P R` we

define Pkptq in the following way:

Pkptq “
`

1 ` }vnptq}
2
Hs ` }ωnptq}

2
Hs ` }bnptq}

2
Hs

˘k{2
. (4.65)

Thus we can write

}∇µn}
8

ď Cpωmin, bmin, tqP1ptq p}∇bn}
8

` }∇ωn}
8

q . (4.66)

Now using (4.66) and (4.65) in (4.64) we get

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď µtminP2ptq

` C

ˆ

}µn}Hs p}∇vn}
8

` }∇ωn}
8

` }∇bn}
8

q }vn, ωn, bn}Hs`1 ` P3ptq

` P2ptq p}∇bn}
8

` }∇ωn}
8

q }vn, ωn, bn}Hs`1 ` P2ptq }vn, ωn, bn}Hs`1

` }µn}Hs }∇vn}
8
P1ptq }vn}Hs`1

˙

.

(4.67)

By using the properties of Pkptq we can write

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď µtminP2ptq ` C

ˆ

P2ptq }vn, ωn, bn}Hs`1

` P3ptq ` pP2ptq ` }µn}Hs P1ptqq p}∇vn}
8

` }∇ωn}
8

` }∇bn}
8

q }vn, ωn, bn}Hs`1

˙

.

(4.68)

Now, we will continue the proof assuming that s P
`

d
2
, d
2

` 1
‰

- because in other cases we

have }∇f}
8

ď C }f}Hs and subsequent estimates simplify. Thus by Lemma 1.3.11 we

get:

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď µtminP2ptq ` C

´

P2ptq }vn, ωn, bn}Hs`1

` P3ptq ` pP2ptq ` }µn}Hs P1ptqqP 1
2ps´ d

2qptq }vn, ωn, bn}
1´ 1

2ps´ d
2q

Hs`1 }vn, ωn, bn}Hs`1

¯

.

(4.69)
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In the above inequality term }µn}Hs remains not estimated. First, let us consider three

auxiliary estimates that follow from Lemma 1.3.5, Lemma 1.3.4, (4.10) and (4.9)

}Ψtpbnq}Hs ď

›

›

›

›

Ψtpbnq ´
1

2
btmin

›

›

›

›

Hs

`

›

›

›

›

1

2
btmin

›

›

›

›

Hs

ď C
›

›

›
Ψ

1

t

›

›

›

Crss
p1 ` }bn}Hsq

rss
}bn}Hs `

›

›

›

›

1

2
btmin

›

›

›

›

Hs

ď C p1 ` }bn}Hsq
rss

}bn}Hs ` C,

(4.70)

where C “ Cps, bmin, tq is a rational function dependent on time t, finite @t ě 0 (see

(4.45)). Similarly from Lemma 1.3.5, Lemma 1.3.4, (4.12) and (4.11) it follows

›

›

›

›

1

Φtpωnq

›

›

›

›

Hs

ď

›

›

›

›

1

Φtpωnq
´

1
1
2
ωtmin

›

›

›

›

Hs

`

›

›

›

›

1
1
2
ωtmin

›

›

›

›

Hs

ď C

›

›

›

›

›

ˆ

1

Φt

˙1
›

›

›

›

›

Crss

p1 ` }ωn}Hsq
rss

}ωn}Hs `

›

›

›

›

2

ωtmin

›

›

›

›

Hs

ď C p1 ` }ωn}Hsq
rss

}ωn}Hs ` C,

(4.71)

where C “ Cps, ωmin, ωmax, tq is as in (4.45). Now using the obtained estimates in com-

bination with Lemmas 1.3.1, 1.3.4 and definitions (4.11), (4.42) we can proceed with

estimates on }µn}Hs in the following way:

}µn}Hs “

›

›

›

›

Ψtpbnq

Φtpωnq

›

›

›

›

Hs

ď C

ˆ

}Ψtpbnq}Hs

›

›

›

›

1

Φtpωnq

›

›

›

›

8

` }Ψtpbnq}
8

›

›

›

›

1

Φtpωnq

›

›

›

›

Hs

˙

ď C

ˆ

2

ωtmin

}Ψtpbnq}Hs ` }Ψtpbnq}Hs

›

›

›

›

1

Φtpωnq

›

›

›

›

Hs

˙

ď C1

´

p1 ` }bn}Hsq
rss

}bn}Hs ` 1
¯

¨

´

p1 ` }ωn}Hsq
rss

}ωn}Hs ` 1
¯

ď C1P2rss`2ptq,

(4.72)

where C1 “ C1pωmin, ωmax, bmin, tq is as in (4.45). Now let us use estimate (4.72) in (4.69):

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď µtminP2ptq ` C

´

P2ptq }vn, ωn, bn}Hs`1

` P3ptq `
`

P2ptq ` P2rss`3ptq
˘

P 1
2ps´ d

2qptq }vn, ωn, bn}
2´ 1

2ps´ d
2q

Hs`1

¯

.
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Using the fact that for k1 ě k2 we have Pk1ptq ě Pk2ptq and Young’s inequality we get

d

dt
}vn, ωn, bn}

2
Hs ` µtmin }vn, ωn, bn}

2
Hs`1 ď Cpbmin, ωmin, ωmax, tq

¨

ˆ

P2rss`3` 1
2ps´ d

2qptq }vn, ωn, bn}
2´ 1

2ps´ d
2q

Hs`1 ` P3ptq ` P2ptq }vn, ωn, bn}Hs`1

˙

.
(4.73)

Now, let us apply Young’s inequality to the right-hand side with coefficients

˜

4

s ´ d
2

,
2

2 ´ 1
2

`

s ´ d
2

˘

¸

, p2, 2q

to obtain

d

dt
}vn, ωn, bn}

2
Hs `

µtmin

2
}vn, ωn, bn}

2
Hs`1 ď Cpbmin, ωmin, ωmax, tq

¨

ˆ

Pp2rss`3` 1
2ps´ d

2qq 4

s´ d
2

ptq ` P4ptq ` P3ptq

˙

.

Now, let us introduce βpsq ą 1 such that

2βpsq “ max

#

4,

ˆ

2rss ` 3 `
1

2

ˆ

s ´
d

2

˙˙

4

s ´ d
2

+

.

Thus we have

d

dt
}vn, ωn, bn}

2
Hs `

µtmin

2
}vn, ωn, bn}

2
Hs`1 ď Cpbmin, ωmin, ωmax, s, tqP2βptq. (4.74)

Hence by definition (4.65) we get

d

dt

`

1 ` }vn, ωn, bn}
2
Hs

˘

`
µtmin

2
}vn, ωn, bn}

2
Hs`1

ď Cpbmin, ωmin, ωmax, s, tq
`

1 ` }vn, ωn, bn}
2
Hs

˘β
.

(4.75)

By integrating from 0 to t the inequality follows

1

´β ` 1

`

1 ` }vn, ωn, bn}
2
Hs

˘´β`1
ď

1

´β ` 1

`

1 ` }Pnv0, Pnω0, Pnb0}
2
Hs

˘´β`1

`

ż t

0

Cpbmin, ωmin, ωmax, s, τqdτ.
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After some transformations, we obtain the uniform estimate for approximated solutions

}vn, ωn, bn}
2
Hs

ď
1

´

`

1 ` }v0, ω0, b0}
2
Hs

˘1´β
´ pβ ´ 1q

şt

0
Cpbmin, ωmin, ωmax, s, τqdτ

¯
1

β´1

´ 1 (4.76)

provided the denominator on the right-hand side is positive. Thus, let us define the

existence time T ą 0 such that the following equality holds

p1 ´ 2´β`1
q
`

1 ` }v0, ω0, b0}
2
Hs

˘´β`1
“ pβ ´ 1q

ż T

0

Cpbmin, ωmin, ωmax, s, τqdτ. (4.77)

By (4.77) in (4.76) we derive the estimate:

}vn, ωn, bn}
2
Hs ď 2 }v0, ω0, b0}

2
Hs ` 1 @t P r0, T s. (4.78)

Additionally (4.75) and (4.78) imply that:

ż T

0

}vn, ω, bn}
2
Hs`1 dτ ď C pbmin, ωmin, ωmax, }v0, ω0, b0}Hs , s, T q ă 8. (4.79)

To show the continuity of the solution, the estimate in the norm L2p0, T,Hs´1pTdqq for

the time derivative of the solution is required. We will derive the estimate only for bn as

the calculations for other variables are similar. Let us apply Js´1 to equation (4.40) and

calculate the inner product with BtJ
s´1bn

}Btbn}
2
Hs´1 “ ´ pvn∇bn, BtbnqHs´1 ` p∇ ¨ pµn∇bnq , BtbnqHs´1 ´ pbnωn, BtbnqHs´1

`
`

µn|Dpvnq|
2, Btbn

˘

Hs´1 .

Using the Hölder and Young inequalities we get

}Btbn}
2
Hs´1 ď C

ˆ

}vn∇bn}
2
Hs´1 ` }∇ ¨ pµn∇bnq}

2
Hs´1 ` }bnωn}

2
Hs´1 `

›

›µn|Dpvnq|
2
›

›

2

Hs´1

˙

.

By Lemmas 1.3.7 and 1.3.8 it easily follows

}Btbn}
2
Hs´1 ď C

ˆ

}vn∇bn}
2
Hs ` }µn∇bn}

2
Hs ` }bnωn}

2
Hs `

›

›µn|Dpvnq|
2
›

›

2

Hs´1

˙

. (4.80)
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The most troublesome term to estimate is the last one on the right-hand side, so first let

us concentrate on it. Let us choose ε ě 0 in the following way

$

&

%

ε P p0,mints ´ d
2
, 1uq for d “ 2

ε “ 0 for d ě 3
. (4.81)

Based on Lemma 1.3.1 we have

›

›µn|Dpvnq|
2
›

›

Hs´1 ď C

ˆ

›

›Js´1µn
›

›

d

ε` d
2 ´1

›

›|Dvn|
2
›

›

d
1´ε

` }µn}
8

›

›Js´1
p|Dvn|

2
q
›

›

2

˙

.

By applying Lemma 1.3.1 to the last term on the right-hand side we get

›

›µn|Dpvnq|
2
›

›

Hs´1 ď C

ˆ

›

›Js´1µn
›

›

d

ε` d
2 ´1

}Dvn} d
1´ε

` }µn}
8

›

›Js´1Dvn
›

›

2

˙

}Dvn}
8
.

Let us observe that based on Lemma 1.3.9 we have

›

›Js´1µn
›

›

d

ε` d
2 ´1

ď C
›

›Js´εµn
›

›

2
, (4.82)

}Dvn} d
1´ε

ď C
›

›

›
J

d
2

`εvn

›

›

›

2
. (4.83)

Using the above estimates and Lemmas 1.3.4, 1.3.7 yields

›

›µn|Dpvnq|
2
›

›

Hs´1 ď C
´

›

›Js´εµn
›

›

2

›

›

›
J

d
2

`εvn

›

›

›

2
` }µn}Hs }vn}Hs

¯

}vn}Hs`1 .

In view of Lemma 1.3.8 we get

›

›µn|Dpvnq|
2
›

›

Hs´1 ď C }µn}Hs }vn}Hs }vn}Hs`1 .

Using the above result in (4.80) and Lemmas 1.3.2, 1.3.7 we obtain

}Btbn}
2
Hs´1 ď C

ˆ

}vn}
2
Hs }bn}

2
Hs`1 ` }µn}

2
Hs }bn}

2
Hs`1 ` }bn}

2
Hs }ωn}

2
Hs

` }µn}
2
Hs }vn}

2
Hs }vn}

2
Hs`1

˙

.

The right-hand side of the above expression is in L1p0, T q (due to (4.78), (4.79) and

(4.72)). Thus the estimate was proven. To conclude the time derivative estimates are as
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follows

}Btvn, Btωn, Btbn}L2p0,T,Hs´1pTdqq
ď C pbmin, ωmin, ωmax, }v0, ω0, b0}Hs , s, T q ă 8. (4.84)

4.2.4. Passage to the limit in approximate system, regularity of solution

By estimates (4.78), (4.79) and (4.84) we can conclude existence of sub-sequence tnku

(relabelled as n) such that:

vn Ñ v weakly in L2
p0, T ;Hs`1

div pTdqq, (4.85)

ω, bn Ñ ω, b weakly in L2
p0, T ;Hs`1

pTdqq, (4.86)

Btvn, Btω, Btbn Ñ Btv, Btω, Btb weakly in L2
p0, T ;Hs´1

pTdqq, (4.87)

vn, ω, bn Ñ v, ω, b weakly˚ in L8
p0, T ;Hs

pTdqq. (4.88)

Additionally, from the Aubin-Lions lemma, it follows that

vn, ω, bn Ñ v, ω, b strongly in L2
p0, T ;Hs1`1

pTdqq, (4.89)

vn, ω, bn Ñ v, ω, b strongly in Cpr0, T s;Hs1

pTdqq. (4.90)

for all s1 ă s. It is easy to see that

µn Ñ µ “
Ψtpbq

Φtpωq
strongly in Cpr0, T s;Hs1

pTdqq (4.91)

holds for all d
2

ă s1 ă s. Indeed, we see that with the help of the triangle inequality and

Lemma 1.3.2 we get

}µn ´ µ}Hs1 “

›

›

›

›

Ψtpbnq ´ Ψtpbq

Φtpωnq
´ Ψtpbq

Φtpωnq ´ Φtpωq

ΦtpωqΦtpωnq

›

›

›

›

Hs1

ď C

ˆ
›

›

›

›

1

Φtpωnq

›

›

›

›

Hs1

}Ψtpbnq ´ Ψtpbq}Hs1

` }Ψtpbq}Hs1

›

›

›

›

1

Φtpωnq

›

›

›

›

Hs1

›

›

›

›

1

Φtpωq

›

›

›

›

Hs1

}Φtpωnq ´ Φtpωq}Hs1

˙

.

From (4.71) we see that supnPN ess suptPr0,T s

›

›

›

1
Φtpωnptqq

›

›

›

Hs1
is finite. Furthermore, using the

same reasoning as presented in (4.70), (4.71) we can conclude that ess suptPr0,T s

›

›

›

1
Φtpωptqq

›

›

›

Hs1
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and ess suptPr0,T s }Ψtpbptqq}Hs1 are finite. Thus, to prove (4.91) it is sufficient to show that

Φtpωnq,Ψtpbnq Ñ Φtpωq,Ψtpbq strongly in Cp0, T,Hs1

pTdqq.

This, however, holds based on (4.90), (4.9), (4.11) and Lemma 1.3.6.

Having convergence results, we may pass to the limit in (4.38) - (4.40). It is easy to see

that v, ω, b satisfy:

pBtv, wq ` pv ¨ ∇v, wq ` pµDv,Dwq “ 0 @w P H1
divpTdq, (4.92)

pBtω, zq ` pv ¨ ∇ω, zq ` pµ∇ω,∇zq “ ´κ2
`

ω2, z
˘

@z P H1
pTdq, (4.93)

pBtb, qq ` pv ¨ ∇b, qq ` pµ∇b,∇qq “ ´ pbω, qq `
`

µ|Dv|
2, q

˘

@q P H1
pTdq (4.94)

for a.a. t P p0, T q. We will provide more details for the most troublesome term. First, we

wish to establish the convergence

ż T

0

`

µn|Dvn|
2, ψ

˘

dt
nÑ8
ÝÑ

ż T

0

`

µ|Dv|
2, ψ

˘

dt, (4.95)

where ψ P L2p0, T,H1pTdqq. We see that

ˇ

ˇ

ˇ

ˇ

ż T

0

`

µn|Dvn|
2, ψ

˘

dt ´

ż T

0

`

µ|Dv|
2, ψ

˘

dt

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ż T

0

pµn pDvn ´ Dvq pDvn ` Dvq , ψq dt

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ż T

0

`

pµn ´ µq |Dv|
2, ψ

˘

dt

ˇ

ˇ

ˇ

ˇ

.

Let us first focus on the first term of the right-hand side

ˇ

ˇ

ˇ

ˇ

ż T

0

pµnDpvn ´ vqDpvn ` vq, ψq dt

ˇ

ˇ

ˇ

ˇ

ď

ż T

0

}µn}
8

}Dpvn ´ vq}
8

}Dpvn ` vq}2 }ψ}2 dt

ď C

ż T

0

}µn}Hs }vn ´ v}Hs1`1 }vn ` v}Hs1 }ψ}2 dt,

where s1 P
`

d
2
, s
˘

. Using the Hölder inequality and (4.89), (4.90), (4.91) we get

ˇ

ˇ

ˇ

ˇ

ż T

0

pµnDpvn ´ vqDpvn ` vq, ψq dt

ˇ

ˇ

ˇ

ˇ

ď C

ˆ
ż T

0

}µn}
2
Hs1 }vn ` v}

2
Hs1 }ψ}

2
2 dt

˙

1
2

}vn ´ v}L2p0,T,Hs1`1q

nÑ8
ÝÑ 0.
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By using Lemma 1.3.4 we have

ˇ

ˇ

ˇ

ˇ

ż T

0

`

pµn ´ µq |Dv|
2, ψ

˘

dt

ˇ

ˇ

ˇ

ˇ

ď

ż T

0

}µn ´ µ}
8

}Dv}
8

}Dv}2 }ψ}2 dt

ď C }µn ´ µ}Cp0,T,Hs1
q

ż T

0

}v}Hs`1 }v}Hs }ψ}2 dt.

Thus from (4.91), (4.88), (4.85) it follows

ˇ

ˇ

ˇ

ˇ

ż T

0

`

pµn ´ µq |Dv|
2, ψ

˘

dt

ˇ

ˇ

ˇ

ˇ

nÑ8
ÝÑ 0.

Therefore (4.95) is proven.

Now we will show that

ωtmin ď ωpt, xq ď ωtmax for a.e. px, tq P Td ˆ r0, T s (4.96)

and

btmin ď b for a.e. px, tq P Td ˆ r0, T s. (4.97)

The argument is similar to the ones presented in Chapter 2 or [8]. The main difference

lies in the form of an approximate system i.e. the lack of certain cut-off functions in the

current formulation. Thus, we present below the adapted reasoning. We denote by u´

(u`) the positive (negative resp.) part of a function u. Then u “ u` ` u´. We test the

equation (4.93) by pω ´ ωtminq´ and obtain

pω,t, pω ´ ωtminq´q ` pv∇ω, pω ´ ωtminq´q `

´

µ∇ω,∇
`

ω ´ ωtmin

˘

´

¯

“ ´κ2pω
2, pω ´ ωtminq´q.

(4.98)

Using (4.3) we get

pω,t, pω ´ ωtminq´q “
1

2

d

dt
}pω ´ ωtminq´}

2
2 ´ κ2

`

pωtminq
2, pω ´ ωtminq´

˘

.

Hence, using that 0 ă µ and div v “ 0 in (4.98) we obtain

1

2

d

dt
}pω ´ ωtminq´}

2
2 ´ κ2

`

pωtminq
2, pω ´ ωtminq´

˘

ď ´κ2pω
2, pω ´ ωtminq´q.
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We write the above inequality in the form

1

2

d

dt
}pω ´ ωtminq´}

2
2 ď ´κ2ppω ´ ωtminqpω ` ωtminq, pω ´ ωtminq´q.

Based on (4.90) and Lemma 1.3.4 we have that ω P L8p0, T, L8pTdqq. Thus from the

above, we may derive the following estimate:

1

2

d

dt
}pω ´ ωtminq´}

2
2 ď κ2

›

›ω ` ωtmin

›

›

L8p0,T,L8pTdqq
}pω ´ ωtminq´}

2
2.

Therefore, as }pωp0q ´ ω0
minq´}22 “ 0 we obtain from Grönwall lemma that

}pωptq ´ ωtminq´}22 “ 0 @t P r0, T s. This implies the first inequality in (4.96).

If we test the equation (4.93) by pω ´ ωtmaxq` then we obtain

pω,t, pω ´ ωtmaxq`q ` pv∇ω, pω ´ ωtmaxq`q `

´

µ∇ω,∇
`

ω ´ ωtmax

˘

`

¯

“ ´κ2pω
2, pω ´ ωtmaxq`q.

(4.99)

Proceeding as before, we get

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ´ κ2

`

pωtmaxq
2, pω ´ ωtmaxq`

˘

ď ´κ2pω
2, pω ´ ωtmaxq`q.

and

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ď ´κ2ppω ´ ωtmaxqpω ` ωtmaxq, pω ´ ωtmaxq`q

“ ´κ2ppω ` ωtmaxq, |pω ´ ωtmaxq`|
2
q.

Hence

1

2

d

dt
}pω ´ ωtmaxq`}

2
2 ď 0. (4.100)

Since }pωp0q´ω0
maxq`}22 “ 0 we obtain that }pωptq´ωtmaxq`}22 “ 0 @t P r0, T s. This implies

the second inequality in (4.96). Now we will show the non-negativity of b. We test the

equation by (4.94) by b´ and we obtain

pb,t, b´q ` pv∇b, b´q ` pµ∇b,∇b´q “ ´pbω, b´q ` pµ |Dpvq|
2 , b´q.
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Using that 0 ă µ, div v “ 0, we get

pBtb´, b´q ď ´pb´ω, b´q.

Finally, using the lower bound from (4.96), we obtain

d

dt
}b´}

2
2 ď 0.

Since }pbp0qq´}22 “ 0 we have that }pbptqq´}22 “ 0 @t P r0, T s. This implies the

non-negativity of b.

Now we will show (4.97). For this purpose we test the equation (4.94) by pb ´ btminq´.

Then we get

pb,t, pb ´ btminq´q ` pv∇b, pb ´ btminq´q `
`

µ∇b,∇ppb ´ btminq´q
˘

“ ´pbω, pb ´ btminq´q

` pµ |Dpvq|
2 , pb ´ btminq´q.

(4.101)

The first term on the left-hand side is equal to

1

2

d

dt
}pb ´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

.

The second term of the left-hand side vanishes and the third one is non-negative. Thus

1

2

d

dt
}pb ´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

ď ´pbω, pb ´ btminq´q.

Using the upper bound from (4.96) and non-negativity of b, we obtain

1

2

d

dt
}pb ´ btminq´}

2
2 ´

˜

ωmaxbmin

p1 ` ωmaxκ2tq
1
κ2

`1
, pb ´ btminq´

¸

ď ´
ωmax

1 ` ωmaxκ2t
pb, pb ´ btminq´q

and by definition (4.3) we have

1

2

d

dt
}pb ´ btminq´}

2
2 ď ´

ωmax

1 ` ωmaxκ2t
}pb ´ btminq´}

2
2.
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and then d
dt

}pb ´ btminq´}22 ď 0. Since }pbp0q ´ b0minq´}22 “ 0 we obtain that

}pbptq ´ btminq´}22 “ 0 @t P r0, T s. This implies inequality (4.97).

Thus due to Definitions (4.11) and (4.9) and bounds (4.97), (4.96) we have

µ “
b

ω

and thus pv, ω, bq solve system (1)-(4). Now we will show the continuity of the solution

in Hs
`

Td
˘

norm. It is clear that
“

Hs´1pTdq, Hs`1pTdq
‰

1
2

“ Hs
`

Td
˘

. Thus from (4.86),

(4.87) and the Lions-Magenes Lemma (see Theorem II.5.14 from [5]) we can conclude

that

pv, ω, bq P C
`

r0, T s;Hs
`

Td
˘˘

.

The uniqueness of the obtained solution will easily follow from Theorem 4.1.2.

4.3. Proof of Theorem 4.1.2

First, in order to have proper bounds on viscosity term µi “
bi
ωi

, we would like to

conclude that

ωtmin ď ωipt, xq ď ωtmax, btmin ď bipt, xq for a.e. px, tq P Td ˆ r0, T s, j “ 1, 2. (4.102)

In view of the Lemma 1.3.4 we see that bi and ωi are continuous functions. Suppose

that ωtmin ą ωipt
˚, x˚q or btmin ą bipt

˚, x˚q for some pt˚, x˚q P r0, T s ˆ Td such that

ωipt, xq ą C˚
ω ą 0, bipt, xq ą C˚

b ą 0 for all pt, xq P r0, t˚s ˆ Td. Then, by following

the procedures starting from (4.98) and (4.101) we obtain the contradiction. To find the

upper bound on ωi we proceed as in (4.99)-(4.100) (see also Proposition 3.3.1 in Chapter

3).

Let us denote δv “ v2 ´ v1, δω “ ω2 ´ ω1, δb “ b2 ´ b1. Then differences pδv, δω, δbq satisfy

the following system of equations

pBtδv, wq `

ˆ

b1
ω2

Dδv, Dw

˙

“ ´pv2∇δv, wq ´ pδv∇v1, wq ´

ˆ

δb
ω2

Dv2, Dw

˙

`

ˆ

b1δω
ω1ω2

Dv1, Dw

˙

,

(4.103)
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pBtδω, zq `

ˆ

b1
ω2

∇δω,∇z
˙

“ ´pv2∇δω, zq ´ pδv∇ω1, zq ´

ˆ

δb
ω2

∇ω2,∇z
˙

`

ˆ

b1δω
ω1ω2

∇ω1,∇z
˙

´ κ2pδωpω2 ` ω1q, zq,

(4.104)

pBtδb, zq `

ˆ

b1
ω2

∇δb,∇z
˙

“ ´pv2∇δb, zq ´ pδv∇b1, zq ´

ˆ

δb
ω2

∇b2,∇z
˙

`

ˆ

b1δω
ω1ω2

∇b1,∇z
˙

´ pδbω2, zq ´ pb1δω, zq

`

ˆ

δb
ω2

|Dv2|
2, z

˙

`

ˆ

b1
ω2

DδvpDv2 ` Dv1q, z

˙

´

ˆ

b1δω
ω2ω1

|Dv1|
2, z

˙

.

(4.105)

Now, we test equations (4.103)-(4.105) with δv, δω, δb to obtain an estimate of differences

in the L2 norm. We will show the procedure for δb, since the rest are analogous

1

2

d

dt
}δb}

2
2 `

ˆ

b1
ω2

∇δb,∇δb
˙

“ ´pv2∇δb, δbq ´ pδv∇b1, δbq ´

ˆ

δb
ω2

∇b2,∇δb
˙

`

ˆ

b1δω
ω1ω2

∇b1,∇δb
˙

´ pδbω2, δbq ´ pb1δω, δbq `

ˆ

δb
ω2

|Dv2|
2, δb

˙

`

ˆ

b1
ω2

DδvpDv2 ` Dv1q, δb

˙

´

ˆ

b1δω
ω2ω1

|Dv1|
2, δb

˙

.

Using (4.102) and the Hölder inequality we get

1

2

d

dt
}δb}

2
2 ` µtmin}∇δb}22 ď }δv}2 }∇b1}8

}δb}2 `

›

›

›

›

1

ω2

›

›

›

›

8

}δb}2 }∇b2}8
}∇δb}2

` }b1}8
}δω}2

›

›

›

›

1

ω1ω2

›

›

›

›

8

}∇b1}
8

}∇δb}2 ` }b1}8
}δω}2 }δb}2

`

›

›

›

›

1

ω2

›

›

›

›

8

}Dv2}
2
8

}δb}
2
2 `

›

›

›

›

b1
ω2

›

›

›

›

8

}Dδv}2 }Dv2 ` Dv1}8
}δb}2

`

›

›

›

›

1

ω2ω1

›

›

›

›

8

}b1}8
}Dv1}

2
8

}δω}2 }δb}2 .

By (4.102) and Lemma 1.3.4 we obtain

1

2

d

dt
}δb}

2
2 ` µtmin}∇δb}22 ď }b1}Hs`1

`

}δv}
2
2 ` }δb}

2
2

˘

` Cpωtminq }b2}
2
Hs`1 }δb}

2
2

`
µtmin

6
}∇δb}22 ` Cpωtminq }b1}

2
Hs }b1}

2
Hs`1 }δω}

2
2 `

µtmin

6
}∇δb}22

` }b1}Hs

`

}δω}
2
2 ` }δb}

2
2

˘

` Cpωtminq }v2}
2
Hs`1 }δb}

2
2

` Cpωtminq }b1}
2
Hs

`

}v2}
2
Hs`1 ` }v1}

2
Hs`1

˘

}δb}
2
2 `

µtmin

3
}Dδv}

2
2
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` Cpωtminq }b1}Hs }v1}
2
Hs`1

`

}δω}
2
2 ` }δb}

2
2

˘

.

Thus the information about the regularity of the solutions yields

1

2

d

dt
}δb}

2
2 ` µtmin}∇δb}22 ď Gbptq

`

}δv}
2
2 ` }δω}

2
2 ` }δb}

2
2

˘

`
µtmin

3

`

}∇δv}22 ` }∇δω}
2
2 ` }∇δb}22

˘

,

(4.106)

where Gb P L1p0, T q. Analogously, there exist functions Gω, Gv P L1p0, T q such that

1

2

d

dt
}δω}

2
2 ` µtmin}∇δω}

2
2 ď Gωptq

`

}δv}
2
2 ` }δω}

2
2 ` }δb}

2
2

˘

`
µtmin

3

`

}∇δv}22 ` }∇δω}
2
2 ` }∇δb}22

˘

,

(4.107)

1

2

d

dt
}δv}

2
2 ` µtmin}∇δv}22 ď Gvptq

`

}δv}
2
2 ` }δω}

2
2 ` }δb}

2
2

˘

`
µtmin

3

`

}∇δv}22 ` }∇δω}
2
2 ` }∇δb}22

˘

.

(4.108)

Summing (4.108), (4.107) and (4.106) we get

1

2

d

dt

`

}δv}
2
2 ` }δω}

2
2 ` }δb}

2
2

˘

ď Gptq
`

}δv}
2
2 ` }δω}

2
2 ` }δb}

2
2

˘

,

where G “ Gv ` Gω ` Gb P L1p0, T q. From the Grönwall inequality it follows that

δvpt, xq “ 0, δωpt, xq “ 0, δbpt, xq “ 0 for a.a. px, tq P Td ˆ r0, T s. This concludes the proof

of the uniqueness.



Chapter 5

Existence of a weak solution

In this chapter, the existence of a global weak solution to Kolmogorov’s model of

turbulence on torus will be shown. Recently in [8] the analogous result was shown in the

case of bounded domains. The used methodology exhibits an additional layer of complica-

tion due to the imposed boundary conditions. To better understand the important steps

in the developed approach, the chosen domain is the torus. Chapter’s contents follow

the considerations of [8], providing additional justifications when needed. The chapter is

based on [28].

5.1. Formulation of the theorem

Assume that Ω “
ś3

i“1p0, 2πq, T ą 0 and ΩT “ Ω ˆ p0, T q. Here, ν0, κ1, . . . , κ4 are

positive constants. For simplicity, we assume that all constants except of κ2 are equal to

one. The reason is that κ2 plays an important role in a priori estimates.

Now, we specify the initial data. Let us assume in a standard way, that the initial

condition for the velocity field fulfils

v0 P L2
divpΩq. (5.1)

For the turbulent kinetic energy, we assume that initially it is as follows:

b0 P L1
pΩq, ln b0 P L1

pΩq, b0 ą 0. (5.2)
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Finally, the initial values of the dissipation ω are as follows:

ω0 P L8
pΩq, 0 ă ωmin ď ω0 ď ωmax ă 8. (5.3)

Now, we are ready to present the main theorem, which states the existence result to the

system (1)-(5).

Theorem 5.1.1. Let us assume that the initial data satisfy (5.1)-(5.3). Then, there exists

a quadruple pv, b, ω, pq such that

v P L2
p0, T,W 1,2

div pΩqq X W 1,q
p0, T,W´1,q

pΩqq for all q P

„

1,
16

11

˙

, (5.4)

b P ε, (5.5)

Btb P M
`

0, T,W´1,q
pΩq

˘

for all q P

„

1,
8

7

˙

, (5.6)

p P Lq p0, T, Lq0pΩqq for all q P

„

1,
16

11

˙

, (5.7)

E P W 1,q
`

0, T,W´1,q
pΩq

˘

for all q P

”

1,
80

79

¯

, (5.8)

bω P Lqp0, T,W 1,q
pΩqq for all q P

”

1,
16

11

¯

, (5.9)

ωmin

1 ` κ2ωmint
ď ω ď

ωmax

1 ` κ2ωmaxt
almost everywhere in ΩT , (5.10)

where, ε was defined in (1.2) and

E :“
|v|2

2
` b. (5.11)

In addition, the pressure p can be decomposed as p “ p1 ` p2, where

p1 P Lq p0, T, Lq0pΩqq for all q P

„

1,
16

11

˙

, (5.12)

p2 P L5{3
´

0, T, L
5{3
0 pΩq

¯

. (5.13)

After denoting

µ :“
b

ω
, (5.14)

112



5.2. PROOF OF THEOREM 5.1.1 AND AUXILIARY THEOREMS

the quadruple pv, b, ω, pq satisfies the following identities:

ż T

0

xv,t, wy ´ pv b v,∇wq ` pµDpvq, Dpwqq dt “

ż T

0

pp, divwq dt

@w P L8
`

0, T,W 1,8
pΩq

˘

,

(5.15)

ż T

0

xBtE, zy ´ pv pE ` pq ,∇zq ` pµ∇b,∇zq ` pµDpvqv,∇zq dt “ ´

ż T

0

pbω, zq dt

@z P L8
`

0, T,W 1,8
pΩq

˘

,

(5.16)

ż T

0

xBtω, zy ´ pvω,∇zq `

ˆ

∇ pbωq

ω
´ ∇b,∇z

˙

dt “ ´κ2

ż T

0

`

ω2, z
˘

dt

@z P L8
`

0, T,W 1,8
pΩq

˘

,

(5.17)

with the initial data fulfilling

lim
tÑ0`

}vptq ´ v0}2 ` }ωptq ´ ω0}2 ` }bptq ´ b0}1 “ 0. (5.18)

Moreover, the following inequality holds:

ż T

0

xb,t, zy ` pµ∇b,∇zq ´ pvb,∇zq zdt ě

ż T

0

`

´bω ` µ|Dpvq|
2, z

˘

dt

@z P C
`

0, T,W 1,8
pΩq

˘

such that z ě 0 almost everywhere in ΩT .

(5.19)

In order to prove the above result, we will establish several existence results to auxiliary

problems, which approximate the problem (1)-(5). Using established estimates in those

approximations, it will be plausible to obtain the existence result of the considered system.

Now, we will focus on outlining auxiliary lemmas and notation.

5.2. Proof of Theorem 5.1.1 and auxiliary Theorems

The proof will be divided into subsections to provide a more transparent view of each

step. Firstly, the additional notation and facts relevant to subsequent considerations will

be provided. Next, the solutions to approximated systems will be obtained.
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5.2.1. Auxiliary results and additional notation

To define approximate problems, we introduce the cut-off function

Tmpsq “

$

’

&

’

%

s if |s| ď m

m sgnpsq if |s| ą m

. (5.20)

Now, we define the function Θm, which is the primitive function of Tm:

Θmpsq :“

ż s

0

Tmpτqdτ. (5.21)

Next, we consider a smooth, non-increasing function G, such that Gpsq “ 1 when s P r0, 1s

and Gpsq “ 0 for s ě 2. For m P R`, we define

Gmpsq :“ G
´ s

m

¯

(5.22)

and we denote

Γmpsq :“

ż s

0

Gmpτqdτ. (5.23)

In order to avoid the confusion, we define z` “ maxtz, 0u and z´ “ mintz, 0u.

Additionally, by twiu
8
i“0 we denote an orthogonal basis of W 1,2

div pΩq, which is also or-

thogonal in L2
div (such a basis exists due to Lemma 5.2.5). By tziu

8
i“0, we denote an

orthogonal basis of W 1,2pΩq, which is also an orthogonal in L2pΩq.

In the proof of the main theorem we will need to reconstruct the pressure. The

following lemma will enable us to do so:

Lemma 5.2.1 (see Lemma C.1 in [6]). Let q, q1 P p1,8q, and such that 1
q

` 1
q1 “ 1. Then,

there exists a linear, bounded operator

L : Lq pΩq
3ˆ3

Ñ LqpΩq, (5.24)

such that for all φ P W 2,q1

pΩq and any fixed B P Lq pΩq
3ˆ3 the following relation holds:

pLpBq,∆φq “
`

B,∇2φ
˘

,

ż

Ω

LpBqdx “ 0. (5.25)
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Proof. For B P DpΩq3ˆ3 we set the system

∆LpBq “ div divB in Ω, (5.26)
ż

Ω

LpBqdx “ 0 (5.27)

equipped with the periodic boundary conditions. From the classical theory of the Pois-

son equation, the solution to system (5.26)-(5.27) exists and is smooth. Thus, we can

write LpBq :“ p∆q
´1 div divB. Operator L is linear and continuous as a mapping from

W 1,qpΩq3ˆ3 to W 1,qpΩq for all q P p1,8q. We also see that multiplying the equation (5.26)

by arbitrary φ P W 2,q1

pΩq, and integrating by parts four times, we get (5.25). Now, we

focus on showing the boundedness of the operator L : Lq pΩq
3ˆ3

X D pΩq
3ˆ3

Ñ LqpΩq. To

do this, we need to find a space-periodic φ such that

∆φ “ |LpBq|
q´2LpBq ´

1

|Ω|

ż

Ω

|LpBq|
q´2LpBqdx in Ω, (5.28)

ż

Ω

φdx “ 0. (5.29)

From the Lq theory for the Poisson equation, there exists a constant C ą 0 depending

only on Ω and q such that

ż

Ω

|∇2φ|
q1

dx ď C

ż

Ω

ˇ

ˇ

ˇ

ˇ

|LpBq|
q´2LpBq ´

1

|Ω|

ż

Ω

|LpBq|
q´2LpBqdx

ˇ

ˇ

ˇ

ˇ

q1

dx

ď C

ż

Ω

|LpBq|
qdx,

(5.30)

where 1
q

` 1
q1 “ 1. Since B is smooth, the integral on the right-hand side is finite for any

q P p1,8q. Now, plugging (5.28) into (5.25) we get using of the fact that
ş

Ω
LpBqdx “ 0

and (5.30), the following inequality:

ż

Ω

|LpBq|
qdx “

`

B,∇2φ
˘

ď }B}q

›

›∇2φ
›

›

q1 ď C }B}q }LpBq}
q´1
q .

We obtained }LpBq}q ď C }B}q for B P DpΩq3ˆ3. Since DpΩq3ˆ3 is a dense subset

of LqpΩq3ˆ3, the operator can be uniquely extended to L : Lq pΩq
3ˆ3

Ñ LqpΩq. Moreover,

the system (5.25) can be established for B P LqpΩq3ˆ3 by considering a sequence of smooth
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tBnu such that Bn Ñ B in LqpΩq3ˆ3 and using the weak convergence. This completes

the proof.

For the completeness of the presented arguments, we recall the Div-Curl lemma.

Lemma 5.2.2 (see:[44, 37] ). Let Ω be an open set of RN , N ě 2. Let w be a function

such that w : RN Ñ R. We denote

divpwq “

n
ÿ

i“1

Bwi
Bxi

, Cijpwq “
Bwi
Bxj

´
Bwj
Bxi

.

Let p, q ą 1 such that 1
p

` 1
q

“ 1. For any n, let an P rLppΩqs
N , bn P rLqpΩqs

N with the

properties

an
nÑ8
á a weakly in rLppΩqs

N ,

bn
nÑ8
á b weakly in rLqpΩqs

N ,

tdiv panqu
8

n“0 lies in a compact subset of W´1,p
pΩq, (5.31)

tC pbnqu
8

n“0 lies in a compact subset of W´1,q
pΩq

NˆN . (5.32)

Then,

anbn
nÑ8
á ab in the sense of distributions.

Now, let us formulate a simple corollary of the Vitali convergence lemma.

Lemma 5.2.3 (see Corollary 4.5.5 in [4]). Let Ω Ă RN be bounded and un : Ω Ñ R be

a sequence in LppΩq for some p ą 1. Suppose that

1. un Ñ u almost everywhere in Ω,

2. the sequence un is bounded in LppΩq.

Then,

un Ñ u in LrpΩq for all 1 ď r ă p.
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Lemma 5.2.4. Let p, q P p1,8q such that 1
q

` 1
p

ă 1. Moreover, we assume that

un á u weakly in LppΩq and vn Ñ v strongly in LqpΩq.

Then,

unvn á uv weakly in LspΩq,

where 1
s

“ 1
p

` 1
q
.

Proof. Let s1 be such that 1
s1 ` 1

s
“ 1. We see that 1

s1 ` 1
p

` 1
q

“ 1. Additionally, let

φ P Ls
1

pΩq. Then we have

ż

Ω

unvnφdx “

ż

Ω

un pvn ´ vqφdx `

ż

Ω

unvφdx.

The first integral’s limit is zero due to the strong convergence of vn, boundedness of un

and the following inequality:

ˇ

ˇ

ˇ

ˇ

ż

Ω

un pvn ´ vqφdx

ˇ

ˇ

ˇ

ˇ

ď }un}p }vn ´ v}q }φ}s1

nÑ8
ÝÑ 0.

Due to the fact that vφ P Lp
1

pΩq, where 1
p1 “ 1

s1 ` 1
q
, and the weak convergence of un, we

have

ż

Ω

unvφdx Ñ

ż

Ω

uvφdx.

This completes the proof of the lemma.

Lemma 5.2.5 (see: Theorem 2.24 in [41]). There exists a family of functions

N “ ta1, a2, a3, . . . u such that

— N is an orthonormal basis in L2
divpΩq,

— aj P C8pΩq,

— N is an orthogonal basis in W 1,2
div pΩq.

Lemma 5.2.6 (Aubin–Lions–Simon, see: Theorem II.5.16 in [5]). Let B0 Ă B1 Ă B2 be

three Banach spaces. We assume that the embedding of B1 in B2 is continuous and that
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the embedding of B0 in B1 is compact. Let p, r be such that 1 ď p, r ď 8. For T ą 0, we

define

Ep,r “

"

v P Lp p0, T, B0q ,
dv

dt
P Lr p0, T, B2q

*

.

i) If p ă 8, the embedding of Ep,r in Lp p0, T, B1q is compact.

ii) If p “ 8 an if r ą 1, the embedding of Ep,r in C0 p0, T, B1q is compact.

Lemma 5.2.7 (see: Chapter 1.2.b in [25]). Let X be a Banach space, T ą 0 and

1 ď p ď 8. Let fn Ñ f in Lpp0, T,Xq. Then, there exists a subsequence fnk
such

that fnk
Ñ f in X almost everywhere.

5.2.2. k-approximation

In order to prove Theorem 5.1.1, we will establish a series of existence results to

approximate problems. We consider the following problem:

v,t ` divpGk

`

|v|
2
˘

v b vq ´ div pTk pµqDpvqq “ ´∇p, (5.33)

ω,t ` divpωvq ´ div

ˆ

b

ω
∇ω

˙

“ ´κ2ω
2, (5.34)

b,t ` divpbvq ´ div

ˆ

b

ω
∇b

˙

“ ´bω ` Tkpµq|Dpvq|
2, (5.35)

div v “ 0, (5.36)

in ΩT , where µ “ b
ω
. The system is equipped with the periodic boundary conditions and

the following initial condition:

v|t“0 “ v0, ω|t“0 “ ω0, b|t“0 “ bk0pxq “ b0pxq `
1

k
. (5.37)

The following theorem states the existence result for this system:
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Theorem 5.2.8. Let us fix k P N`. Then, there exists a triple pv, b, ωq such that

v P L2
p0, T,W 1,2

div pΩqq X W 1,2
p0, T,W´1,2

div pΩqq, (5.38)

b P Lq
`

0, T,W 1,q
pΩq

˘

X L8
`

0, T, L1
pΩq

˘

for all q P

”

1,
5

4

¯

, (5.39)

Btb P L1
`

0, T,W´1,q
pΩq

˘

for all q P

”

1,
80

79

¯

, (5.40)

ω P L2
`

0, T,W 1,2
pΩq

˘

X L8
p0, T, L8

pΩqq , (5.41)

Btω P Lq
`

0, T,W´1,q
pΩq

˘

for all q P

”

1,
16

11

¯

, (5.42)

ωmin

1 ` κ2ωmint
ď ω ď

ωmax

1 ` κ2ωmaxt
almost everywhere in ΩT , (5.43)

1

k p1 ` κ2ωmintq
1
κ2

ď b, almost everywhere in ΩT , (5.44)

which solves the problem (5.33)-(5.37) in the following sense:

xv,t, wy ´
`

Gk

`

|v|
2
˘

v b v,∇w
˘

` pTk pµqDpvq, Dpwqq “ 0

@w P W 1,2
div pΩq a.a. t P p0, T q,

(5.45)

xb,t, zy ´ pbv,∇zq ` pµ∇b,∇zq “
`

´bω ` Tk pµq |Dpvq|
2, z

˘

@z P W 1,8
pΩq a.a. t P p0, T q,

(5.46)

xω,t, zy ´ pωv,∇zq ` pµ∇ω,∇zq “ ´κ2
`

ω2, z
˘

@z P W 1,8
pΩq a.a. t P p0, T q,

(5.47)

where µ “ b
ω
. The initial data are attained strongly in the following sense:

lim
tÑ0`

}vptq ´ v0}2 ` }ωptq ´ ω0}2 ` }bptq ´ bk0}1 “ 0. (5.48)

Moreover, for all λ P p0, 1s, the following (k-independent) estimate holds:

sup
tPp0,T q

`

}bptq}1 ` } ln bptq}1 ` }vptq}
2
2

˘

`

ż

ΩT

`

1 ` b´1
˘

Tkpµq|Dpvq|
2dxdt

`

ż

ΩT

µ

b1`λ
|∇b|2 ` µ |∇ω|

2
` µ

8
3

´λdxdt

ď Cpλ´1, v0, b0, ω0, ωmin, ωmaxq.

(5.49)
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Moreover, the following inequality holds for almost all times t P p0, T q:

´

a

bptq, φ
¯

´

ż t

0

´?
bv,∇φ

¯

dτ `

ż t

0

˜?
b

2ω
∇b,∇φ

¸

dτ

ě
1

2

ż t

0

´?
bω, φ

¯

dτ `

ˆ

b

bk0, φ

˙

@φ P DpΩq, φ ě 0.

(5.50)

5.2.3. (n,k)-approximation

In order to prove Theorem 5.2.8, we introduce the next level of approximation. To

define this approximate problem, we first smooth out the initial conditions for b and v.

First, we find a sequence of smooth, non-negative functions bn0 such that

bn0 Ñ b0 strongly in L1
pΩq (5.51)

and define

bn,k0 :“ bn0 `
1

k
. (5.52)

Now, let twiu
8
i“0 be a smooth basis of W 1,2

div pΩq that is orthonormal in L2pΩq. It exists due

to Lemma 5.2.5. Using the chosen basis, we introduce the approximated initial condition

for velocity vn as

vn0 “

n
ÿ

i“1

pv0, wiqwi.

Having approximated initial conditions, we consider the following problem:

v,t ` divpGk

`

|v|
2
˘

v b vq ´ div pTk pµnqDpvqq “ ´∇p, (5.53)

ω,t ` divpωvq ´ div pTn pµnq∇ωq “ ´κ2ω
2, (5.54)

b,t ` divpbvq ´ div pTn pµnq∇bq “ ´bω `
Tkpµnq|Dpvq|2

1 ` n´1|Dpvq|2
, (5.55)

div v “ 0 (5.56)

in ΩT , where

µn “
b

ω
`

1

n
. (5.57)
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Additionally, the problem is equipped with the periodic boundary conditions and the

following initial condition:

v|t“0 “ vn0 , ω|t“0 “ ω0, b|t“0 “ bn,k0 pxq. (5.58)

The following theorem states the existence result for this system:

Theorem 5.2.9. Let us fix k P N`, n P N`. Then, there exists a triple pc, b, ωq such that

c P W 1,8
p0, T q

n, (5.59)

b P L2
`

0, T,W 1,2
pΩq

˘

X L8
`

0, T, L2
pΩq

˘

, (5.60)

Btb P L2
`

0, T,W´1,2
pΩq

˘

, (5.61)

ω P L2
`

0, T,W 1,2
pΩq

˘

X L8
p0, T, L8

pΩqq , (5.62)

Btω P L2
`

0, T,W´1,2
pΩq

˘

, (5.63)

ωmin

1 ` κ2ωmint
ď ω ď

ωmax

1 ` κ2ωmaxt
almost everywhere in ΩT , (5.64)

1

k p1 ` κ2ωmintq
1
κ2

ď b almost everywhere in ΩT , (5.65)

which solves the problem (5.53)-(5.58) in the following sense:

pv,t, wiq ´
`

Gk

`

|v|
2
˘

v b v,∇wi
˘

` pTk pµnqDpvq, Dpwiqq “ 0

for all i “ 1, . . . , n,
(5.66)

xb,t, zy ´ pbv,∇zq ` pTnpµnq∇b,∇zq ` pbω, zq “

ˆ

Tk pµnq |Dpvq|2

1 ` n´1|Dpvq|2
, z

˙

@z P W 1,2
pΩqa.a. t P p0, T q,

(5.67)

xω,t, zy ´ pωv,∇zq ` pTnpµnq∇ω,∇zq “ ´κ2
`

ω2, z
˘

@z P W 1,2
pΩqa.a. t P p0, T q,

(5.68)

where µn “ b
ω

` 1
n

and

vpt, xq :“
n
ÿ

i“1

ciptqwipxq. (5.69)
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The initial data are attained strongly in the following sense:

lim
tÑ0`

}vptq ´ vn0 }2 ` }ωptq ´ ω0}2 ` }bptq ´ bn,k0 }1 “ 0. (5.70)

Moreover, the following inequality holds for almost all times t P p0, T q:

´

a

bptq, φ
¯

´

ż t

0

´?
bv,∇φ

¯

dτ `

ż t

0

´

Tnpµnq∇
?
b,∇φ

¯

dτ

ě ´
1

2

ż t

0

´?
bω, φ

¯

dτ `

ˆ

b

bn,k0 , φ

˙

@φ P DpΩq, φ ě 0.

(5.71)

5.2.4. (m,n,k)-approximation

Once again, we will approximate the initial data for the turbulent kinetic energy. We

introduce bm,n,k0 in the following way:

bm,n,k0 “

m
ÿ

i“1

pbn,k0 , ziqzi,

where tziu
8
i“0 denotes the orthogonal basis of W 1,2pΩq and orthonormal in L2pΩq. Using

this, we consider the following problem:

v,t ` divpGk

`

|v|
2
˘

v b vq ´ div pTk pµn,mqDpvqq “ ´∇p, (5.72)

ω,t ` divpωvq ´ div pTn pµn,mq∇ωq “ ´κ2ω
2, (5.73)

b,t ` divpbvq ´ div pTn pµn,mq∇bq “ ´b`ω `
Tkpµn,mq|Dpvq|2

1 ` n´1|Dpvq|2
, (5.74)

div v “ 0 (5.75)

in ΩT , where µn,m “
b`

ω` 1
m

` 1
n
. Additionally, the problem is equipped with the periodic

boundary condition and the following initial condition:

v|t“0 “ vn0 , ω|t“0 “ ω0, b|t“0 “ bm,n,k0 pxq. (5.76)

The following theorem states the existence result for this system:
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Theorem 5.2.10. Let us fix k P N`, n P N` and m P N` such that m ě ωmax. Then

there exists a triple pc, d, ωq such that

c P W 1,8
p0, T q

n, (5.77)

d P W 1,8
p0, T q

m, (5.78)

ω P L2
`

0, T,W 1,2
pΩq

˘

X L8
p0, T, L8

pΩqq , (5.79)

Btω P L2
`

0, T,W´1,2
pΩq

˘

, (5.80)

ωmin

1 ` κ2ωmint
ď ω ď

ωmax

1 ` κ2ωmaxt
almost everywhere in ΩT , (5.81)

which solves the problem (5.72)-(5.76) in the following sense:

pv,t, wiq ` pTk pµn,mqDpvq, Dpwiqq “
`

Gk

`

|v|
2
˘

v b v,∇wi
˘

for all i “ 1, . . . , n,
(5.82)

pBtb, ziq ´ pbv,∇ziq ` pTnpµn,mq∇b,∇ziq ` pb`ω, ziq “

ˆ

Tk pµn,mq |Dpvq|2

1 ` n´1|Dpvq|2
, zi

˙

for all i “ 1, . . . ,m,

(5.83)

xω,t, zy ´ pωv,∇zq ` pTnpµn,mq∇ω,∇zq ` κ2
`

ω2, z
˘

“ 0

@z P W 1,2
pΩq a.a. t P p0, T q,

(5.84)

where

µn,m “
b`

ω ` 1
m

`
1

n
, (5.85)

vpt, xq :“
n
ÿ

i“1

ciptqwipxq, (5.86)

bpt, xq :“
m
ÿ

i“1

diptqzipxq. (5.87)

The initial data are attained strongly in the following sense:

lim
tÑ0`

}vptq ´ vn0 }2 ` }ωptq ´ ω0}2 `

›

›

›
bptq ´ bm,n,k0

›

›

›

2
“ 0. (5.88)
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5.2.5. Proof of Theorem 5.2.10

Proof of Theorem 5.2.10. Let us recall that tziu
8
i“1 and twiu

8
i“1 denote bases of W 1,2pΩq

and W 1,2
div pΩq, which are orthogonal in L2pΩq and L2

divpΩq, respectively. The proof relies

on the Galerkin approximation method. We look for
`

vl, ωl, bl
˘

given as

vlpt, xq “

n
ÿ

i“1

cliptqwipxq, (5.89)

blpt, xq “

m
ÿ

i“1

dliptqzipxq, (5.90)

ωlpt, xq “

l
ÿ

i“1

eliptqzipxq (5.91)

and we require that coefficients cl “ pcl1, . . . , c
l
nq, dl “ pdl1, . . . , d

l
mq, em “ pel1, . . . , e

l
lq solve

the following system of ordinary differential equations on p0, T q:

`

Btv
l, wi

˘

´

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

vl b vl,∇wi
¯

`
`

Tk
`

µl
˘

Dpvlq, Dpwiq
˘

“ 0

for all i “ 1, . . . , n,
(5.92)

`

Btb
l, zi

˘

´
`

blvl,∇zi
˘

`
`

Tnpµlq∇bl,∇zi
˘

`

˜

bl`Tmpωl`q ´
Tk

`

µl
˘

|Dvl|2

1 ` n´1|Dvl|2
, zi

¸

“ 0

for all i “ 1, . . . ,m,

(5.93)

`

Btω
l, zi

˘

´
`

ωlvl,∇zi
˘

`
`

Tnpµlq∇ωl,∇zi
˘

` κ2
`

Tmpωlqωl`, zi
˘

“ 0

for all i “ 1, . . . , l,
(5.94)

where

µl “
bl`

ωl` ` 1
m

`
1

n
. (5.95)

We set the initial conditions for pcl, dl, elq given by

vlp0q “

n
ÿ

i“1

pvn0 , wiqwi, blp0q “

m
ÿ

i“1

pbm,n,k0 , ziqzi, ωlp0q “

l
ÿ

i“1

pω0, ziqzi. (5.96)
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The existence of a solution to (5.92)-(5.96) on some small time interval follows from

Carathodory’s theorem. Using estimates which are established below, a solution can be

extended to a time interval r0, T s.

l-independent estimates

Multiplying the equation (5.92) by cliptq and summing from i “ 1 through l, we get

1

2

d

dt
}vl}22 ´

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

vl b vl,∇vl
¯

`
`

Tk
`

µl
˘

Dpvlq, Dpvlq
˘

“ 0. (5.97)

We see that

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

vl b vl,∇vl
¯

“
1

2

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

vl,∇
ˇ

ˇvl
ˇ

ˇ

2
¯

“
1

2

´

vl,∇Γk

´

ˇ

ˇvl
ˇ

ˇ

2
¯¯

“ ´
1

2

´

div vl,Γk

´

ˇ

ˇvl
ˇ

ˇ

2
¯¯

“ 0.

Thus, integrating (5.97) from 0 to T we have

sup
tPp0,T q

}vlptq}
2
2 `

ż

ΩT

Tkpµlq|Dvl|2dxdt ď Cp}v0}2q. (5.98)

Using the orthonormality of the basis twiu in L2pΩq, we deduce that

sup
tPp0,T q

|clptq| ď Cp}v0}2q. (5.99)

From the equation (5.92) and the orthonormality of the basis, one can easily deduce

|Btc
l
i| ď

ˇ

ˇ

ˇ

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

vl b vl,∇wi
¯
ˇ

ˇ

ˇ
`
ˇ

ˇ

`

Tk
`

µl
˘

Dpvlq, Dpwiq
˘ˇ

ˇ

ď
9

2

ˇ

ˇ

ˇ

´

Gk

´

ˇ

ˇvl
ˇ

ˇ

2
¯

ˇ

ˇvl
ˇ

ˇ

2
, |∇wi|

¯
ˇ

ˇ

ˇ
`

n
ÿ

j“1

ˇ

ˇcljptq
ˇ

ˇ

`

Tk
`

µl
˘

Dpwjq, Dpwiq
˘

.

Now, using (5.20), (5.23) and the inequality (5.99), we get

|Btc
l
i| ď Cpkq }∇wi}2 ` Cpn, kq}∇wi}22.

Using the fact that }∇wi}2 ď Cpnq, we get

sup
tPp0,T q

|Btc
l
ptq| ď Cpn, kq. (5.100)
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Now, multiplying (5.93) by dliptq and summing from i “ 1 through l, we obtain

`

Btb
l, bl

˘

´
`

blvl,∇bl
˘

`
`

Tnpµlq∇bl,∇bl
˘

“

˜

´bl`Tmpωl`q `
Tk

`

µl
˘

|Dvl|2

1 ` n´1|Dvl|2
, bl

¸

.
(5.101)

Using the fact that div vl “ 0 and the definition (5.20), we have

`

Btb
l, bl

˘

`
1

n

`

∇bl,∇bl
˘

ď
`

kn, |bl|
˘

. (5.102)

Thus, by the Young and Grönwall inequality from (5.102) we deduce

sup
tPp0,T q

}blptq}
2
2 `

ż T

0

}∇bl}22dt ď Cpk, nq. (5.103)

Using (5.103) and the orthonormality of the basis in L2pΩq, we deduce that

sup
tPp0,T q

ˇ

ˇdl
ˇ

ˇ ď Cpk, nq. (5.104)

Now, by equation (5.93) and the orthonormality of the basis in L2pΩq, we have

ˇ

ˇBtd
l
i

ˇ

ˇ ď
ˇ

ˇ

`

blvl,∇zi
˘
ˇ

ˇ `
ˇ

ˇ

`

Tnpµlq∇bl,∇zi
˘
ˇ

ˇ `
ˇ

ˇ

`

´bl`Tmpωl`q, zi
˘
ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

˜

Tk
`

µl
˘

|Dvl|2

1 ` n´1|Dvl|2
, zi

¸ˇ

ˇ

ˇ

ˇ

ˇ

ď
›

›bl
›

›

2

›

›vl
›

›

2
}∇zi}8

` n
›

›∇bl
›

›

2
}∇zi}2 ` m

›

›bl
›

›

2
}zi}2

`
›

›Tk
`

µl
˘

|Dvl|2
›

›

1
}zi}8

ď
›

›bl
›

›

2

›

›vl
›

›

2
}∇zi}8

` n sup
tPp0,T q

ˇ

ˇdl
ˇ

ˇ

m
ÿ

j“1

}∇zj}2 }∇zi}2 ` m
›

›bl
›

›

2
}zi}2

` k sup
tPp0,T q

ˇ

ˇcl
ˇ

ˇ

2
n
ÿ

j“1

}∇wj}22 }zi}8
.

Thus, using (5.104), (5.103), (5.99), (5.98) yields

sup
tPp0,T q

ˇ

ˇBtd
l
ˇ

ˇ ď Cpk, n,mq. (5.105)
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Now, multiplying the equation (5.94) by eliptq and summing from i “ 1 through l, we get

1

2

d

dt
}ωl}22 `

`

ωlvl,∇ωl
˘

`
`

Tnpµlq∇ωl,∇ωl
˘

“ ´κ2
`

Tmpωlqωl`, ω
l
˘

. (5.106)

From div vl “ 0 and the fact that the right-hand side is non-negative it follows

1

2

d

dt
}ωl}22 `

1

n

`

∇ωl,∇ωl
˘

ď 0.

Thus, integrating from 0 to T gives

sup
tPp0,T q

}ωlptq}
2
2 `

ż

ΩT

}∇ωl}22dxdt ď Cpnq. (5.107)

Now, using (5.107) and the equation (5.94), we can deduce that

ż T

0

›

›Btω
l
›

›

2

W´1,2 dt ď Cpn,mq. (5.108)

Indeed, let us consider φ P W 1,2pΩq such that }φ}1,2 “ 1. We can write φ in the following

way:

φ “

l
ÿ

i“1

θizi ` φ,

where pφ, ziq “ 0 holds for i “ 1, . . . , l.

ˇ

ˇpBtω
l, φq

ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

ˇ

˜

Btω
l,

l
ÿ

i“1

θizi

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ωlvl,∇
l
ÿ

i“1

θizi

¸
ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

˜

Tnpµlq∇ωl,∇
l
ÿ

i“1

θizi

¸
ˇ

ˇ

ˇ

ˇ

ˇ

` κ2

ˇ

ˇ

ˇ

ˇ

ˇ

˜

Tmpωlqωl`,
l
ÿ

i“1

θizi

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď
›

›ωl
›

›

2

›

›vl
›

›

8

›

›

›

›

›

∇
l
ÿ

i“1

θizi

›

›

›

›

›

2

` n
›

›∇ωl
›

›

2

›

›

›

›

›

∇
l
ÿ

i“1

θizi

›

›

›

›

›

2

` mκ2
›

›ωl
›

›

2

›

›

›

›

›

l
ÿ

i“1

θizi

›

›

›

›

›

2

.
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Due to
›

›

›

řl
i“1 θizi

›

›

›

2
ď }φ}2 and

›

›

›
∇
řl
i“1 θizi

›

›

›

2
ď }φ}1,2 (which both hold thanks to the

Bessel inequality and }
řl
i“1 θizi}

2
2 ` }∇

řl
i“1 θizi}

2
2 “

›

›

›

řl
i“1 θizi

›

›

›

2

1,2
ď }φ}

2
1,2), the Young

inequality and (5.99) we get

ˇ

ˇpBtω
l, φq

ˇ

ˇ

2
ď Cpnq

›

›ωl
›

›

2

2
}φ}

2
1,2 ` Cpnq

›

›∇ωl
›

›

2

2
}φ}

2
1,2 ` Cpmq

›

›ωl
›

›

2

2
}φ}

2
2.

Thus, we get

›

›Btω
l
›

›

2

´1,2
“ sup

φPW 1,2pΩq,}φ}1,2“1

ˇ

ˇpBtω
l, φq

ˇ

ˇ

2
ď Cpn,mq

›

›ωl
›

›

2

2
` Cpnq

›

›∇ωl
›

›

2

2
.

Finally, using (5.107) we deduce (5.108).

Taking the limit l Ñ 8

Using estimates (5.99), (5.100) and (5.104), (5.105), we can find a subsequence (which

we do not relabel) such that

cl á
˚ c weakly* in W 1,8

p0, T q
n,

dl á
˚ d weakly* in W 1,8

p0, T q
m.

Using the Arzela-Ascoli theorem and estimates (5.100) and (5.105), we conclude that

cl Ñ c strongly in Cp0, T q
n,

dl Ñ d strongly in Cp0, T q
m.

Based on definitions (5.89), (5.90) and the above convergences we deduce the existence

of a sequence such that

vl Ñ v “

n
ÿ

i“1

ciwi strongly in Cp0, T,W 1,2
div pΩqq, (5.109)

bl Ñ b “

m
ÿ

i“1

dizi strongly in Cp0, T,W 1,2
pΩqq.
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Using (5.107) and (5.108) and the Aubin-Lions lemma we obtain

ωl á
˚ ω weakly* in L2

`

0, T ;W 1,2
˘

X L8
`

0, T ;L2
pΩq

˘

, (5.110)

Btω
l

á Btω weakly in L2
`

0, T ;W´1,2
pΩq

˘

, (5.111)

ωl Ñ ω strongly in L2
`

0, T ;L2
pΩq

˘

. (5.112)

Having the above estimates, it is easy to identify the limit of the system (5.89)-(5.96) to

get

pBtv, wiq ` pTk prµn,mqDpvq, Dpwiqq “
`

Gk

`

|v|
2
˘

v b v,∇wi
˘

for all i “ 1, . . . , n,
(5.113)

pBtb, ziq ´ pbv,∇ziq ` pTnprµn,mq∇b,∇ziq “

ˆ

´b`Tmpω`q `
Tk prµn,mq |Dv|2

1 ` n´1|Dv|2
, zi

˙

for all i “ 1, . . . ,m,

(5.114)

xBtω, zy ´ pωv,∇zq ` pTnprµn,mq∇ω,∇zq “ ´κ2 pTmpωqω`, zq

for all z P W 1,2
pΩq,

(5.115)

where

rµn,m “
b`

ω` ` 1
m

`
1

n
.

To obtain the system (5.82)-(5.84), we show the bounds for ω. This will allow us to

replace rµn,m with µn,m in equations (5.113)-(5.115). Additionally, we will be able to

replace Tmpω`q and Tmpωq with ω.

Minimum and maximum principle for ω

We apply ω´ as a test function in (5.115) and obtain

xBtω, ω´y ´ pωv,∇ω´q ` pTn prµn,mq∇ω,∇ω´q “ ´κ2 pTmpωqω`, ω´q .

We see that the right-hand side of the above equality is equal to zero and thus

1

2

d

dt
}ω´}

2
2 ´ pω´v,∇ω´q ` pTn prµn,mq∇ω´,∇ω´q “ 0.
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Using the fact that div v “ 0 we conclude that the second term is equal to zero. Addi-

tionally, using the non-negativity of the second term, we finally get

d

dt
}ω´}

2
2 ď 0 so @t P p0, T q }ω´pt, ¨q}

2
2 “ 0. (5.116)

Thus, by (5.116), we conclude that ω ě 0 almost everywhere in ΩT . From this we see

that rµn,m “ µn,m. Hence we can rewrite (5.115) in the following way:

xBtω, zy ´ pωv,∇zq ` pTnpµn,mq∇ω,∇zq “ ´κ2 pTmpωqω, zq

for all z P W 1,2
pΩq,

(5.117)

Similarly, from (5.113)-(5.114) we get (5.82)-(5.83). Now, we will show the upper bound

on ω. Let us first test the equation (5.117) using pω ´ ωmaxq
`
:

@

Btω, pω ´ ωmaxq
`

D

´
`

ωv,∇ pω ´ ωmaxq
`

˘

`
`

Tn pµn,mq∇ω,∇ pω ´ ωmaxq
`

˘

“ ´κ2
`

Tmpωqω, pω ´ ωmaxq
`

˘

.

From this and the fact that div v “ 0 we have

@

Bt pω ´ ωmaxq
`
, pω ´ ωmaxq

`

D

`
`

∇ pω ´ ωmaxq
`
v, pω ´ ωmaxq

`

˘

`
`

Tn pµn,mq∇ pω ´ ωmaxq
`
,∇ pω ´ ωmaxq

`

˘

“ ´κ2
`

Tmpωqω, pω ´ ωmaxq
`

˘

.

Since div v “ 0 this gives us the following inequality:

1

2

d

dt
} pω ´ ωmaxq

`
}
2
2 ď ´κ2

`

Tmpωqω, pω ´ ωmaxq
`

˘

ď 0

so @t P p0, T q
›

›pωpt, ¨q ´ ωmaxq
`

›

›

2
“ 0.

Thus, ω ď ωmax almost everywhere in ΩT . Let us recall that m ě ωmax and thus from

(5.117) we get

xBtω, zy ´ pωv,∇zq ` pTnpµn,mq∇ω,∇zq “ ´κ2
`

ω2, z
˘

for all z P W 1,2
pΩq, (5.118)
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which is exactly equal to (5.84). Now, let us test the equation (5.118) using
´

ω ´ ωmax

1`κ2ωmaxt

¯

`
:

B

Btω,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

F

´

ˆ

ωv,∇
ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

`

ˆ

Tn pµn,mq∇ω,∇
ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

“ ´κ2

ˆ

ω2,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

.

Using the fact that ∇ω “ ∇
´

ω ´ ωmax

1`κ2ωmaxt

¯

we deduce that

1

2

d

dt
}

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

}
2
2 ´

ˆ

κ2ω
2
max

p1 ` κ2ωmaxtq
2 ,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

ď ´κ2

ˆ

ω2,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

.

Thus, we have

1

2

d

dt
}

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

}
2
2 ď ´κ2

ˆ

ω2
´

ω2
max

p1 ` κ2ωmaxtq
2 ,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙

`

˙

“ ´κ2

˜

ˆ

ω `
ωmax

1 ` κ2ωmaxt

˙

,

ˆ

ω ´
ωmax

1 ` κ2ωmaxt

˙2

`

¸

ď 0.

Thus, by integration and using the inequality ω0 ď ωmax, we conclude that ω ď ωmax

1`κ2ωmaxt

almost everywhere in ΩT . Now, we will obtain the bound from below by testing the

equation (5.118) by
´

ω ´
ωmin

1`κ2ωmint

¯

´
:

B

Btω,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

F

´

ˆ

ωv,∇
ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

`

ˆ

Tn pµn,mq∇ω,∇
ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

“ ´κ2

ˆ

ω2,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

.
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Again, we deduce that the second term is equal to zero and the third one is positive:

1

2

d

dt
}

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

}
2
2 ´

ˆ

κ2ω
2
min

p1 ` κ2ωmintq
2 ,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

ď ´κ2

ˆ

ω2,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

.

Thus, we have

1

2

d

dt
}

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

}
2
2 ď ´κ2

ˆ

ω2
´

ω2
min

p1 ` κ2ωmintq
2 ,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙

´

˙

ď ´κ2

˜

ω `
ωmin

1 ` κ2ωmint
,

ˆ

ω ´
ωmin

1 ` κ2ωmint

˙2

´

¸

ď 0.

By integration and the fact that ω0 ě ωmin, we conclude that ω ě
ωmin

1`κ2ωmint
almost

everywhere in ΩT .

For now on we will refrain from showing the attainment of initial data. The methodology

will be shown for a more complex case, that is, in the proof of Theorem 5.1.1.

5.2.6. Proof of Theorem 5.2.9

We use pvm, ωm, bmq to denote a solution of the system (5.72)-(5.76), whose existence

was established in Theorem 5.2.10. Our goal is to let m Ñ 8 and thus prove Theorem

5.2.9.

m-independent estimates

Repeating the procedure from (5.97)-(5.98) we deduce that

sup
tPp0,T q

}vmptq}
2
2 `

ż

ΩT

Tkpµn,mq|Dvm|
2dxdt ď C, (5.119)

sup
tPp0,T q

|cmptq| ď C, sup
tPp0,T q

|Btc
m

ptq| ď Cpn, kq. (5.120)

We multiply (5.83) by dmi ptq and sum from i “ 1 through m to obtain

pBtb
m, bmq ´ pbmvm,∇bmq ` pTnpµn,mq∇bm,∇bmq

“

ˆ

´bm`ω
m

`
Tk pµn,mq |Dvm|2

1 ` n´1|Dvm|2
, bm

˙

.
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Using (5.20), (5.85), (5.81), the fact that n´1|Dvm|2

1`n´1|Dvm|2
ď 1 and div vm “ 0 we get

pBtb
m, bmq `

1

n
p∇bm,∇bmq ď pkn, |bm|q .

Using the Young inequality and Grönwall lemma, we get

sup
tPp0,T q

}bmptq}
2
2 `

1

n

ż

ΩT

}∇bm}
2
2dt ď Cpn, kq. (5.121)

Using the equation (5.83) and (5.121), (5.119), (5.85), we conclude (in the same way as

in (5.108)-(5.109)) that

ż T

0

}Btb
m

}
2
W´1,2pΩq

dt ď Cpn, kq. (5.122)

Testing the equation (5.84) by ωm, we get

1

2

d

dt
}ωm}

2
2 ` pωmvm,∇ωmq ` pTnpµn,mq∇ωm,∇ωmq “ ´κ2

`

pωmq
2 , ωm

˘

.

Using the fact that div vm “ 0 and (5.81), (5.85), we obtain

1

2

d

dt
}ωm}

2
2 `

1

n
}∇ωm}

2
2 ď 0,

and thus

ż T

0

}ωm}
2
1,2 dt ď Cpn, kq. (5.123)

Using the equation (5.84) and estimates (5.119), (5.123), one can deduce (again, in the

same way as in (5.108)-(5.109)) that

ż T

0

}Btω
m

}
2
W´1,2pΩq

dt ď Cpn, kq. (5.124)
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Taking the limit m Ñ 8

By the estimate (5.119) we can find a subsequence (which we do not relabel) such

that

cm á
˚ c weakly* in W 1,8

p0, T q
n.

Using the Arzela-Ascoli theorem and the estimate (5.120), we conclude that

cm Ñ c strongly in Cp0, T q
n. (5.125)

Based on the definition (5.86) and the convergence (5.125), one can deduce

vm Ñ v “

n
ÿ

i“1

ciwi strongly in Cp0, T,W 1,2
div pΩqq.

Using (5.123), (5.124) and (5.81) and the Aubin-Lions lemma, we find a subsequence such

that

ωm á ω weakly in L2
`

0, T ;W 1,2
pΩq

˘

,

Btω
l

á Btω weakly in L2
`

0, T ;W´1,2
pΩq

˘

,

ωm á
˚ ω weakly* in L8

p0, T ;L8
pΩqq ,

ωm Ñ ω strongly in L2
`

0, T ;L2
pΩq

˘

.

Using (5.121), (5.122) and the Aubin-Lions lemma, we extract a subsequence such that

bm á
˚ b weakly* in L2

`

0, T ;W 1,2
pΩq

˘

X L8
`

0, T ;L2
pΩq

˘

,

Btb
l

á Btb weakly in L2
`

0, T ;W´1,2
pΩq

˘

,

bm Ñ b strongly in L2
`

0, T ;L2
pΩq

˘

.

Having the above estimates, it is easy to identify the limit of the system (5.82) - (5.86)

to obtain

pv,t, wiq ´
`

Gk

`

|v|
2
˘

v b v,∇wi
˘

`
`

Tk
`

Ăµn
˘

Dpvq, Dpwiq
˘

“ 0

for all i “ 1, . . . , n,
(5.126)
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xb,t, zy ´ pbv,∇zq `
`

TnpĂµnq∇b,∇z
˘

`

˜

b`ω ´
Tk

`

Ăµn
˘

|Dpvq|2

1 ` n´1|Dpvq|2
, z

¸

“ 0

@z P W 1,2
pΩqa.a. t P p0, T q,

(5.127)

xω,t, zy ´ pωv,∇zq `
`

TnpĂµnq∇ω,∇z
˘

` κ2
`

ω2, z
˘

“ 0

@z P W 1,2
pΩqa.a. t P p0, T q,

(5.128)

where

Ăµn “
b`

ω
`

1

n
. (5.129)

Now, we will show bounds for b from which we will conclude that Ăµn “ µn. By doing

so, we will show the existence of a solution to (5.66) - (5.69).

Minimum principle for b

Firstly, let us test the equation (5.127) with z “ b´. We get

xb,t, b´y ´ pbv,∇b´q `
`

TnpĂµnq∇b,∇b´

˘

“ p´b`ω, b´q `

˜

Tk
`

Ăµn
˘

|Dpvq|2

1 ` n´1|Dpvq|2
, b´

¸

.

Using the fact that div v “ 0 to the second term of the left-hand side, the positivity of

the third term on the left-hand side and the non-positivity of the second term on the

right-hand side, we get

1

2

d

dt
}b´}

2
2 ď p´b`ω`, b´q “ 0.

Thus we deduce that b ě 0 almost everywhere in ΩT . From this it follows that Ăµn “ µn and

that the positive part of b in (5.127) can be dropped. Thus, the existence of a solution

to the system (5.66) - (5.69) is established. Now, let us test the equation (5.67) with

z “

ˆ

b ´ 1

kp1`κ2ωmintq
1
κ2

˙

´

. Again, using the equation div v “ 0 and the positivity of the

third term on the left-hand side and the negativity of the second term on the right-hand

side we get

C

b,t,

˜

b ´
bmin

p1 ` κ2ωmaxtq
1
κ2

¸

´

G

ď

˜

´bω,

˜

b ´
bmin

p1 ` κ2ωmaxtq
1
κ2

¸

´

¸

.
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The inequality can be rewritten in the following way:

1

2

d

dt
}

˜

b ´
1

k p1 ` κ2ωmintq
1
κ2

¸

´

}
2
2

ď

˜

´bω `
ωmax

k p1 ` κ2ωmaxtq
1
κ2

`1
,

˜

b ´
1

k p1 ` κ2ωmintq
1
κ2

¸

´

¸

.

ď
ωmax

1 ` κ2ωmaxt

˜

´b `
1

k p1 ` κ2ωmaxtq
1
κ2

,

˜

b ´
1

k p1 ` κ2ωmintq
1
κ2

¸

´

¸

ď 0.

Using integration from 0 to t and the fact that bn,k0 ě 1
k
, we conclude that b ě 1

kp1`κ2ωmintq
1
κ2

almost everywhere in ΩT , and thus we prove (5.65).

A remaining inequality

Now, we will establish (5.71). Let us test the equation (5.67) with φ

2
?
b
, where φ P DpΩq

and φ ě 0. Thus, we get

xb,t,
φ

2
?
b

y ´

ˆ

bv,∇ φ

2
?
b

˙

`

ˆ

Tnpµnq∇b,∇ φ

2
?
b

˙

“

ˆ

´bω,
φ

2
?
b

˙

`

ˆ

Tk pµnq |Dpvq|2

1 ` n´1|Dpvq|2
,
φ

2
?
b

˙

.

Using the non-negativity of the last term of the right-hand side and the equation div v “ 0,

we get

A´?
b
¯

t
, φ

E

`

ˆ

∇bv, φ

2
?
b

˙

`

ˆ

Tnpµnq∇b, ∇φ
2
?
b

˙

´

ˆ

Tnpµnq∇b, φ
4b

3
2

∇b
˙

ě ´
1

2

´?
bω, φ

¯

.

Let us observe that the last term of the left-hand side is not positive. Thus, we obtain

A´?
b
¯

t
, φ

E

`

´

∇
´?

b
¯

v, φ
¯

`

´

Tnpµnq∇
?
b,∇φ

¯

ě ´
1

2

´?
bω, φ

¯

.
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After integrating from 0 to t we get

´?
bptq, φ

¯

´

ż t

0

´?
bv,∇φ

¯

dτ `

ż t

0

´

Tnpµnq∇
?
b,∇φ

¯

dτ

ě

ˆ

b

bn,k0 , φ

˙

´
1

2

ż t

0

´?
bω, φ

¯

dτ.

5.2.7. Proof of Theorem 5.2.8

Let pvn, bn, ωnq be a solution to the problem (5.66)-(5.69), whose existence is guar-

anteed by Theorem 5.2.9. Our goal is to pass with n Ñ 8 in (5.66)-(5.69) to obtain

(5.45)-(5.47), and thus to prove Theorem 5.2.8.

n-independent estimates

Proceeding as before, we get

}vnptq}
2
2 ` 2

ż t

0

ż

Ω

Tkpµnq|Dpvnq|
2dxdτ “ }vn0 }

2
2. (5.130)

Thus, we deduce the following estimate:

sup
tPp0,T q

}vnptq}
2
2 `

ż

ΩT

Tkpµnq|Dpvnq|
2dxdτ ď C. (5.131)

Now, using bounds on ω (5.64) and b (5.65) and the Korn inequality, we deduce

ż T

0

}vn}
2
1,2 dxdτ ď Cpkq. (5.132)

By the equation (5.66) and the inequality (5.132) one can deduce

ż T

0

}Btv
n
}
2
´1,2 dxdτ ď Cpkq. (5.133)

Using the standard interpolation inequality }u} 10
3

ď C }u}
2
5
2 }u}

3
5
1,2 and (5.131), (5.132), we

get

ż T

0

}vn}
10
3
10
3

dτ ď Cpkq. (5.134)
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Now, we will concentrate on uniform estimates for bn. First, for arbitrary a ą 0 we set

z “ Tapb
nq in (5.67) and obtain

xbn,t, Tapb
n
qy ´ pbnvn,∇Tapbnqq ` pTnpµnq∇bn,∇Tapbnqq

“

ˆ

´bnωn `
Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
, Tapb

n
q

˙

.

Using the definition (5.21) we get

xBtb
n, Tapb

n
qy “

d

dt
}Θapb

n
q}1 . (5.135)

From the inequality (5.131) it follows that

ż T

0

ˆ

Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
, Tapb

n
q

˙

ď aC. (5.136)

By the fact that div vn “ 0 we get

pbnvn,∇Tapbnqq “ ´ p∇bnvn, Tapbnqq “ ´ pvn,∇Θapb
n
qq “ pdiv vn,Θapb

n
qq “ 0.

We also have

pTnpµnq∇bn,∇Tapbnqq “

ż

Ω

Tnpµnq |∇Tapbnq|
2 dx. (5.137)

Combining (5.135), (5.136) and (5.137) we obtain

d

dt
}Θapb

n
q}1 `

ż

Ω

Tnpµnq |∇Tapbnq|
2 dx ď Ca.

By integration of the above inequality from 0 to T we get

sup
tPp0,T q

}Θapb
n
ptqq}1 `

ż

ΩT

Tnpµnq |∇Tapbnq|
2 dxdτ ď CaT ` 2 }Θapb

n
p0qq}1 . (5.138)

Using (5.21) one can show that

if bn ě a then Θapb
n
q ě

1

2
abn
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5.2. PROOF OF THEOREM 5.1.1 AND AUXILIARY THEOREMS

and

if bn ă a then Θapb
n
q “

1

2
pbnq

2.

Thus, we get

}bnptq}1 ď

ż

bnptqěa

2

a
Θapb

n
ptqqdx `

ż

bnptqăa

a

2Θapbnptqqdx

ď Cpaq}Θapb
n
ptqq}1 ` Cpaq.

(5.139)

Using (5.138), (5.139) and (5.51) the following inequality follows:

sup
tPp0,T q

}bnptq}1 `

ż

ΩT

Tnpµnq |∇Tapbnq|
2 dxdτ ď Cpaq. (5.140)

Now, we test the equation (5.67) inserting z “ 1

pbnq
λ (which is a viable test function based

on (5.65)), where λ P p0, 1q:

d

dt

ż

Ω

pbnq
1´λ

1 ´ λ
dx ´ λ

ż

Ω

Tnpµnq
|∇bn|2

pbnq
1`λ

dx “

˜

´bnωn `
Tk pµq |Dpvq|2

1 ` n´1|Dpvq|2
,

1

pbnq
λ

¸

.

Thus, integrating from 0 to t and taking supremum over t P p0, T q, we obtain the following

inequality:

λ

ż

ΩT

Tnpµnq
|∇bn|2

pbnq
1`λ

dxdt ď

ż T

0

˜

bnωn,
1

pbnq
λ

¸

dt `
1

1 ´ λ
sup
tPp0,T q

ż

Ω

pbnq
1´λ dx.

Using (5.140) and (5.64), we can bound the right-hand side uniformly and finally obtain

ż

ΩT

Tnpµnq

pbnq
1`λ

|∇bn|
2dxdt ď Cpλ´1

q @ λ P p0, 1q. (5.141)

Now, we set z “ 1
bn

in (5.67), and using the fact that div vn “ 0 we obtain

d

dt

ż

Ω

ln bnptqdx ´

ż

Ω

Tnpµnq

pbnq
2 |∇bn|

2dx “

ˆ

´bnωn `
Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
,
1

bn

˙

.
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After integrating from 0 to t we deduce

´

ż

bnă1

ln bnptqdx `

ż t

0

ż

Ω

Tnpµnq

pbnq
2 |∇bn|

2dxdt `

ż t

0

ˆ

Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
,
1

bn

˙

dt

ď

ż t

0

pωn, 1q ` } ln bn,k0 }1.

With the proper usage of supremum we obtain

sup
tPp0,T q

´

ż

bnă1

ln bnptqdx `

ż T

0

ż

Ω

Tnpµnq

pbnq
2 |∇bn|

2dxdt `

ż T

0

ˆ

Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
,
1

bn

˙

dt

ď 2

ż T

0

pωn, 1q dt ` 2} ln bn,k0 }1.

By the fact that

} ln bnptq}1 “ ´

ż

ΩXtbnptqă1u

ln bnptqdx `

ż

ΩXtbnptqą1u

ln bnptqdx,

it follows

sup
tPp0,T q

} ln bnptq}1 `

ż T

0

ż

Ω

Tnpµnq

pbnq
2 |∇bn|

2dxdt `

ż T

0

ˆ

Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
,
1

bn

˙

dt

ď 2

ż T

0

pωn, 1q dt ` sup
tPp0,T q

}bnptq}1 ` 2} ln bn,k0 }1.

Thus, by (5.64), (5.140) (taken with a “ 1), (5.2), (5.51), (5.52) we get

sup
tPp0,T q

} ln bnptq}1 `

ż T

0

ż

Ω

Tnpµnq

pbnq
2 |∇bn|

2dxdt `

ż T

0

ˆ

Tk pµnq |Dpvq|2

1 ` n´1|Dpvq|2
,
1

bn

˙

dt ď C. (5.142)

Combining (5.142) with (5.141), (5.52), (5.51) yields

sup
tPp0,T q

} ln bnptq}1 `

ż T

0

ż

Ω

Tnpµnq

pbnq
1`λ

|∇bn|
2dxdt `

ż T

0

ż

Ω

Tk pµnq |Dpvq|2

bn p1 ` n´1|Dpvq|2q
dxdt

ď Cpλ´1
q @ λ P p0, 1s.

(5.143)

We see that, based on (5.131), (5.20), for all k P N

k

ż

ΩT Xtµněku

|Dvn|2

1 ` n´1|Dvn|2
dxdt ď C.
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Additionally, by (5.143) with some specific λ i.e. λ “ 1
2
, (5.20), (5.64), (5.57), we have

that for all k P N

ż

ΩT Xtµnďku

|Dvn|2

1 ` n´1|Dvn|2
dxdt ď C.

Hence

ż T

0

ż

Ω

|Dvn|2

1 ` n´1|Dvn|2
dxdt ď C, (5.144)

where C does not depend on k and n. Next, we will focus on estimates of Tnpµnq that

are uniform with respect to n and k. Using the definition (5.20), we get

Tn

ˆ

bn

ωn

˙

ď Tn pµnq ď Tn

ˆ

bn

ωn

˙

`
1

n

and thus

min

"

1,
1

ωn

*

Tn pbnq ď Tn pµnq ď max

"

1,
1

ωn

*

Tn pbnq `
1

n
.

Due to (5.64), we finally get

C1Tn pbnq ď Tn pµnq ď C2Tn pbnq `
1

n
. (5.145)

Thus, by (5.143)

ż T

0

}∇
”

pTnpbnqq
1´λ

2

ı

}
2
2dt “ Cpλq

ż

ΩT

|∇Tnpbnq|
2

pTnpbnqq
λ
dxdt

“ Cpλq

ż

ΩT Xtbnďnu

|∇Tnpbnq|
2

pbnq
λ

dxdt “ Cpλq

ż

ΩT Xtbnďnu

Tnpbnq

pbnq
1`λ

|∇Tnpbnq|
2 dxdt

ď Cpλq

ż

ΩT Xtbnďnu

Tnpµnq

pbnq
1`λ

|∇Tnpbnq|
2 dxdt ď Cpλ´1

q.

(5.146)

Combining (5.140) (i.e. with a “ 1) with (5.146) gives

sup
tPp0,T q

} pTn pbnqq
1´λ{2

}1 `

ż T

0

›

›

›
∇
”

pTnpbnqq
1´λ

2

ı
›

›

›

2

2
dt ď Cpλ´1

q. (5.147)
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Applying the interpolation inequality }f}
8
3
8
3

ď C}f}
2
3
1 }f}

2
1,2 and inequality (5.147) we get

ż

ΩT

›

›

›
pTn pµnqq

1´λ{2
›

›

›

8
3

8
3

ď Cpλ´1
q

and hence

ż

ΩT

}Tn pµnq}
8´4λ

3
8´4λ

3

ď Cpλ´1
q for all λ P p0, 1q. (5.148)

Moreover, let us observe that (5.148) implies

ż

ΩT

}pTn pµnqq
α
}
q
q ď Cpqq for all q P

„

1,
8

3α

˙

and α P p0, 1s. (5.149)

Now, we continue with k-dependent estimates that will be useful to obtain n Ñ 8 limit.

From (5.143), the maximum principle for ωn (5.64) and minimum principle for bn (5.65)

we get

ż

ΩT

|∇bn|
2

pbnq
1`λ

dxdt ď Cpλ´1, kq,

which combined with (5.140) yields

ż T

0

›

›

›
pbnq

1´λ
2

›

›

›

2

1,2
dxdt ď Cpλ´1, kq.

Using the embedding W 1,2 Ă L6 implies

ż T

0

›

›

›
pbnq

1´λ
›

›

›

3
dxdt ď Cpλ´1, kq. (5.150)

Finally, applying the interpolation inequality

›

›

›
pbnq

1´λ
›

›

›

5
3

5
3

ď C} pbnq
1´λ

}
2
3
1

›

›

›
pbnq

1´λ
›

›

›

3

and (5.140), (5.150), we conclude that

ż T

0

}bn}
5´λ
3

5´λ
3

dxdt ď Cpλ´1, kq. (5.151)
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Now, we proceed with k dependent estimates on the diffusion term. For any q P p1, 5
4
q,

due to (5.151) and (5.143) we get

ż

ΩT

ˇ

ˇ

ˇ

a

Tnpµnq∇bn
ˇ

ˇ

ˇ

q

dxdt “

ż

ΩT

˜

Tnpµnq |∇bn|
2

pbnq
1`λ

¸q{2

pbnq
p1`λqq

2 dxdt

ď

˜

ż

ΩT

Tnpµnq |∇bn|
2

pbnq
1`λ

dxdt

¸q{2
ˆ
ż

ΩT

pbnq
p1`λqq
2´q dxdt

˙
2´q
2

ď Cpλ´1, kq,

where λ ă 5
3
2´q
q

´ 1, which implies that p1`λqq
2´q

ă 5
3
. Therefore, we have the following

estimate:

ż

ΩT

ˇ

ˇ

ˇ

a

Tnpµnq∇bn
ˇ

ˇ

ˇ

5´λ
4
dxdt ď Cpλ´1, kq. (5.152)

Thus, combining the above inequality with (5.57), (5.64), (5.65) and (5.151), we obtain

ż

ΩT

}bn}
5´λ
4

1, 5´λ
4

dxdt ď Cpλ´1, kq. (5.153)

Notice that from 79
80´λ

ą 79
80

“ 4
5

` 3
16

, the Hölder inequality, (5.152) and (5.148) it follows

that

ż

ΩT

|Tnpµnq∇bn|
80´λ
79 dxdt ď Cpλ´1, kq. (5.154)

Additionally, we can observe that due to (5.154), (5.145), (5.44),

ż

ΩT

|pTnpµnqq
α∇bn|

80´λ
79 dxdt ď Cpλ´1, kq for all α P r0, 1s. (5.155)

In order to obtain a uniform bound on Btb
n, it remains to estimate the convective term

bnvn. Let us observe that

}bnvn} 10´λ
9

ď }vn} 10
3

}bn} 10
3

10´λ
20`λ

, (5.156)
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where 10
3

10´λ
20`λ

P p10{7, 5{3q, and so 10
3

10´λ
20`λ

ă 5´λ˚

3
for some λ˚ P p0, 1q. Thus, we can

conclude that based on (5.151), (5.134) and (5.156) we have

}bnvn} 10´λ
9

ď Cpk, λ´1
q. (5.157)

Using the equation (5.67) tested with z P W 1, 80´λ
1´λ pΩq, combined with inequalities (5.157),

(5.154), (5.64), (5.151), (5.131) and the embedding W 1, 80´λ
1´λ pΩq Ă W 1,80pΩq Ă C0, 77

80 pΩq,

we conclude

ż T

0

}Btb
n
}

´1, 80´λ
79

ď Cpk, λ´1
q. (5.158)

Finally, we derive k-independent estimates for ωn. We set testing function z “ ωn in

(5.68) and obtain

1

2

d

dt
}ωn}

2
2 `

ż

Ω

Tnpµnq |∇ωn|
2

“ ´κ2
`

pωnq
2 , ωn

˘

.

Thus, integrating from 0 to T we get

ż

ΩT

Tnpµnq |∇ωn|
2 dxdt ď C, (5.159)

which, after using (5.64) and (5.65), implies that

ż T

0

}ωn}
2
1,2 dxdt ď Cpkq. (5.160)

We see that due to the Hölder inequality,

}Tn pµnq∇ωn} 16´λ
11

ď

›

›

›

a

Tn pµnq∇ωn
›

›

›

2

›

›

›

a

Tn pµnq

›

›

›

2 16´λ
6`λ

ď

›

›

›

a

Tn pµnq∇ωn
›

›

›

2
}Tn pµnq}

2
16´λ
6`λ

.

(5.161)

We see that 16´λ
6`λ

P p15{7, 8{3q, and so 16´λ
6`λ

ď 8´λ˚

3
for some λ˚ P p0, 1q. From this and

(5.159), (5.148) we obtain

}Tn pµnq∇ωn} 16´λ
11

ď Cpλ´1
q. (5.162)
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Thus, having (5.162), (5.134), (5.64) and (5.68), we can conclude that

ż T

0

}Btω
n
}

16´λ
11

´1, 16´λ
11

dxdt ď Cpλ´1
q. (5.163)

Passing to the limit with n

Having (5.131), (5.132), (5.133), (5.134), (5.153), (5.158), (5.160), (5.163), we can find

a subsequence (which we do not relabel) such that

vn á
˚ v weakly* in L8

`

0, T, L2
div

˘

X L2
`

0, T,W 1,2
div pΩq

˘

, (5.164)

Btv
n

á Btv weakly in L2
`

0, T,W´1,2
div pΩq

˘

, (5.165)

bn á
˚ b weakly* in Lq

`

0, T,W 1,q
pΩq

˘

X L8
p0, T, L1

pΩqq for all q P r1, 5{4q,

(5.166)

Btb
n

á Btb weakly in M
`

0, T,W´1,q
pΩq

˘

for all q P r1, 80{79q, (5.167)

ωn á
˚ ω weakly* in L2

`

0, T,W 1,2
pΩq

˘

X L8
p0, T, L8

pΩqq, (5.168)

Btω
n

á Btω weakly in Lq
`

0, T,W´1,q
pΩq

˘

for all q P r1, 16{11q. (5.169)

Now, using the Aubin-Lions Lemma 5.2.6, we conclude that for α P p0, 1q we have

vn Ñ v strongly in L2
`

0, T,Wα,2
pΩq X L2

divpΩq
˘

, (5.170)

ωn Ñ ω strongly in L2
`

0, T,Wα,2
pΩq

˘

, (5.171)

bn Ñ b strongly in Lq p0, T,Wα,q
pΩqq for all q P

„

1,
5

4

˙

. (5.172)

We can extract subsequences that converge almost everywhere

vn Ñ v almost everywhere in ΩT , (5.173)

ωn Ñ ω almost everywhere in ΩT , (5.174)

bn Ñ b almost everywhere in ΩT . (5.175)

Moreover, from (5.151), (5.173), (5.134), (5.175) and the Vitali Lemma 5.2.3, we get

vn Ñ v strongly in Lq p0, T, LqpΩqq for all q P r1, 10{3q, (5.176)

bn Ñ b strongly in Lq p0, T, LqpΩqq for all q P r1, 5{3q. (5.177)
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Now, we will identify the limit of (5.68) as n Ñ 8. Notice that (5.162) implies

Tnpµnq∇ωn á µ∇ω in LqpΩT
q for all q P r1, 16{11q. (5.178)

Thus, using (5.170), (5.171), (5.169), we get

xω,t, zy ´ pωv,∇zq `
`

µ∇ω,∇z
˘

“ ´κ2
`

ω2, z
˘

@z P W 1,8
pΩq a.a. t P p0, T q.

We need to show that µ∇ω “ µ∇ω almost everywhere in ΩT . To do so we use

Lemma 5.2.3 and (5.148), (5.174), (5.175) to obtain

Tnpµnq Ñ µ in Lqp0, T, LqpΩqq for all q P r1, 8{3q. (5.179)

Then, from (5.179), (5.168) and Lemma 5.2.4 we conclude

Tnpµnq∇ωn á µ∇ω in Lqp0, T, LqpΩqq for all q P

„

1,
8

7

˙

. (5.180)

Using (5.180), (5.178) and the uniqueness of a weak limit, we get µ∇ω “ µ∇ω. Now,

we will focus on obtaining a weak limit in (5.67). From (5.149), (5.174), (5.175) and the

Vitali Lemma 5.2.3, for all α P p0, 1q we have

pTnpµnqq
α

Ñ µα strongly in Lqp0, T, LqpΩqq for all q P

„

1,
8

3α

˙

. (5.181)

From (5.155) and the fact that 81
80

ă 80
79

we get

pTnpµnqq
α∇bn á µα∇b weakly in L

81
80

´

0, T ;L
81
80 pΩq

¯

for all α P r0, 1s. (5.182)

Our goal is to identify this limit for all α P r0, 1s. We will proceed inductively. Define

h “ 1
81

, α0 “ 0 and αi`1 “ αi`h. Notice that (5.182) holds for α0 due to (5.166). Assume

that it holds for αi, that is

pTnpµnqq
αi ∇bn á µαi∇b weakly in L

81
80

´

0, T ;L
81
80 pΩq

¯

. (5.183)
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Using (5.183), (5.181) with α “ h and q “ 4¨81
3

and Lemma 5.2.4 we get

pTnpµnqq
αi`1 ∇bn “ pTnpµnqq

h
pTnpµnqq

αi ∇bn

á µhµαi∇b “ µαi`1∇b weakly in L
324
323

´

0, T ;L
324
323 pΩq

¯

.
(5.184)

From (5.182), (5.184) and the uniqueness of the weak limit it follows

pTnpµnqq
αi`1 ∇bn á µαi`1∇b weakly in L

81
80

´

0, T ;L
81
80 pΩq

¯

.

Thus, setting i “ 81 we obtain

Tnpµnq∇bn á µ∇b weakly in L
81
80

´

0, T ;L
81
80 pΩq

¯

. (5.185)

From (5.154), we deduce that Tnpµnq∇bn á µ∇b weakly in Lqp0, T, LqpΩqq for all

q P r1, 80{79q. Finally, the uniqueness of the weak limit and (5.185) imply

Tnpµnq∇b á µ∇b weakly in Lqp0, T, LqpΩqq for all q P r1, 80{79q. (5.186)

From (5.174), (5.175), (5.20) and Lemma 5.2.3, we can conclude that for all α P p0, 1q

pTkpµnqq
α

á pTkpµqq
α strongly in Lqp0, T, LqpΩqq for all q P r1,8q. (5.187)

From (5.131), (5.164), (5.187) with α “ 1
2
, Lemma 5.2.4 and the uniqueness of the weak

limit, we have

a

TkpµnqDvn á
a

TkpµqDv weakly in L2
`

0, T ;L2
pΩq

˘

. (5.188)

Now, using (5.188), (5.187) with α “ 1
2
, (5.165), (5.134), (5.170), we can pass to the limit

in (5.66) to get

xv,t, wy ´
`

Gk

`

|v|
2
˘

v b v,∇w
˘

` pTk pµqDpvq, Dpwqq “ 0

@w P W 1,2
div pΩq a.a. t P p0, T q.

(5.189)
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The solution is defined on time interval r0, T q, however by repeating all previous steps

it can also be attained on time interval r0, T ` εq. We will consider such an extended

solution to obtain stronger convergence results

xv,t, wy ´
`

Gk

`

|v|
2
˘

v b v,∇w
˘

` pTk pµqDpvq, Dpwqq “ 0

@w P W 1,2
div pΩq a.a. t P p0, T ` εq.

(5.190)

First, notice that based on (5.170) and Lemma 5.2.7 we have

vnptq Ñ vptq in L2
pΩq for almost all t P p0, T ` εq. (5.191)

Let us pick a time t˚ P pT, T ` εq such that convergence (5.191) holds. Now, let us set

w “ v (which is a viable test function) in (5.190) and integrate from 0 to t˚

}vpt˚q}
2
2 ` 2

ż

Ωt˚

Tkpµq|Dpvq|
2dxdt “ }v0}

2
2.

By setting t “ t˚ in (5.130) (having in mind that it is valid for the extended solution) and

passing with n Ñ 8, we get

lim sup
nÑ8

ˆ

}vnpt˚q}
2
2 ` 2

ż

Ωt˚

Tkpµnq|Dvn|
2dxdt

˙

“ }v0}
2
2.

By (5.191) we get

}vpt˚q}
2
2 ` 2 lim sup

nÑ8

ż

Ωt˚

Tkpµnq|Dvn|
2dxdt “ }v0}

2
2. (5.192)

By subtraction it follows

lim sup
nÑ8

ż

Ωt˚

Tkpµnq|Dvn|dxdt “

ż

Ωt˚

Tkpµq|Dpvq|
2dxdt. (5.193)

Thus, using (5.193) and (5.188) (again, having in mind that it can be attained up to time

T ` ε), we conclude that

a

TkpµnqDvn Ñ
a

TkpµqDv strongly in L2
`

0, t˚;L2
pΩq

˘
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and thus, due to the fact that t˚ P pT, T ` εq,

Tkpµnq|Dvn|
2

Ñ Tkpµq|Dv|
2 strongly in L1

`

0, T ;L1
pΩq

˘

. (5.194)

Having this, we can extract a subsequence that converges almost everywhere

Tkpµnq|Dvn|
2

Ñ Tkpµq|Dv|
2 almost everywhere in ΩT . (5.195)

From (5.144) we have

ż T

0

ż

Ω

Tkpµnq|Dvn|2

Tkpµnq ` n´1Tkpµnq|Dvn|2
dxdt ď C.

Using (5.195), (5.174), (5.175) and the Fatou lemma yields

ż

ΩT

Tkpµq|Dv|2

Tkpµq
dxdt “

ż

ΩT

|Dv|
2dxdt ď C.

Now, we can strengthen (5.167). We see that, based on (5.67) and (5.194), (5.176),

(5.177), (5.168), (5.186), we have

ż T

0

xBtb
n, zydt “

ż T

0

pbnvn,∇zq dt ´

ż T

0

pTnpµnq∇bn,∇zq dt ´

ż T

0

pbnωn, zq dt

`

ż T

0

ˆ

Tk pµnq |Dvn|2

1 ` n´1|Dvn|2
, z

˙

dt

Ñ

ż T

0

pbv,∇zq dt ´

ż T

0

pµ∇b,∇zq dt ´

ż T

0

pbω, zq dt

`

ż T

0

`

Tk pµq |Dv|
2, z

˘

dt

for all z P L8 p0, T,W 1,qpΩqq, where q P p80,8s. This means that

Btb
n

á Btb weakly in L1
`

0, T,W´1,q
pΩq

˘

for all q P r1, 80{79q.

Using Lemma 5.2.3 and (5.65), (5.64), (5.174), (5.175) we deduce that

1
a

Tn pµnq pbnq
1`λ
2

Ñ
1

?
µb

1`λ
2

strongly in LppΩT
q for all 1 ď p ă 8 and for all 1 ď λ ă 8.

(5.196)
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Combining (5.196), (5.186) implies

a

T n pµnq

pbnq
1`λ
2

∇bn á

?
µ

pbq
1`λ
2

∇b weakly in LqpΩT
q for all q P

„

1,
80

79

˙

.

Next, using (5.143) we improve convergence result to

a

T n pµnq

pbnq
1`λ
2

∇bn á

?
µ

pbq
1`λ
2

∇b weakly in L2
pΩT

q.

Employing the same reasoning one can show that

T n pµnq

pbnq
1
2

∇bn á
µ

b
1
2

∇b weakly in LqpΩT
q for all q P

„

1,
80

79

˙

.

Finally, thanks to (5.151), (5.175) and Lemma 5.2.3 we get

?
bn Ñ

?
b strongly in Lq p0, T, LqpΩqq for all q P r1, 10{3q.

Thus, based on Lemma 5.2.7, we see, that there exists a subsequence (which we do not

relabel) such that

a

bnptq Ñ
a

bptq strongly in LqpΩq for all q P r1, 10{3q and almost all times t P p0, T q.

This gives us

´

a

bnptq, z
¯

Ñ

´

a

bptq, z
¯

for all φ P DpΩq for almost all times t P p0, T q.

The obtained convergence results are sufficient to pass to the limit with n Ñ 8 in equa-

tions (5.66)-(5.68) and the inequalities (5.71), (5.143), (5.130), (5.159) to get Theorem

5.2.8.

5.2.8. Proof of Theorem 5.1.1

For an arbitrary k, we denote by pvk, ωk, bkq a solution to the problem (5.45)-(5.47),

whose existence was established in Theorem 5.2.8.
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k-independent estimates

First, from (5.45) tested with vk and (5.49), we get

sup
tPp0,T q

}vkptq}
2
2 `

ż

ΩT

`

1 ` Tkpµkq
˘

|Dpvkq|
2dxdt ď C. (5.197)

Thus, using the Korn inequality and interpolation inequality }f}
10
3
10
3

ď }f}
4
3
2 }f}

2
1,2, we get

ż T

0

›

›vk
›

›

2

1,2
`
›

›vk
›

›

10
3
10
3

dt ď C. (5.198)

Moreover, from (5.49) we have

ż T

0

›

›Tkpµkq
›

›

8´5λ
3

8´5λ
3

dt ď Cpλ´1
q. (5.199)

Using (5.199), (5.197) and the Hölder inequality, we obtain

›

›TkpµkqDvk
›

›

ΩT , 16´5λ
11

ď

›

›

›

a

TkpµkqDvk
›

›

›

ΩT ,2

›

›

›

a

Tkpµkq

›

›

›

ΩT ,2 16´5λ
6`5λ

ď

›

›

›

a

TkpµkqDvk
›

›

›

ΩT ,2

›

›Tkpµkq
›

›

2

ΩT , 16´5λ
6`5λ

ď Cpλ´1
q,

(5.200)

due to 16´5λ
6`5λ

P p1, 8{3q. Notice that from (5.49) and (5.43), it follows that

ż

ΩT

|bk|
8´5λ

3 ď Cpλ´1
q. (5.201)

Using (5.49), (5.201), (5.43) and the Hölder inequality yields

}∇b}2´λ ď

›

›

›

›

›

d

µk

pbkq
1`λ

∇bk
›

›

›

›

›

2

›

›

›

›

›

›

d

pbkq
1`λ

µk

›

›

›

›

›

›

2p2´λq

λ

ď C

›

›

›

›

›

d

µk

pbkq
1`λ

∇bk
›

›

›

›

›

2

›

›bk
›

›

λ
2

2´λ
ď Cpλ´1

q.

(5.202)

Notice that for any λ P p0, 1q we can find λ1, λ2 P p0, 1q such that 7
8´λ

“ 1
2´λ1

` 3
8´5λ2

.

Additionally, λ1, λ2 Ñ 0` as λ Ñ 0`. Thus, by the Hölder inequality and (5.43), (5.202),
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(5.201), we get

›

›µk∇bk
›

›

ΩT , 8´λ
7

ď
›

›∇bk
›

›

ΩT ,2´λ1

›

›µk
›

›

ΩT ,
8´5λ2

3

ď C
`

λ´1
1 , λ´1

2

˘

ď Cpλ´1
q. (5.203)

From (5.49), (5.202), (5.201) and (5.203) we have

sup
tPp0,T q

`

}bkptq}1 ` } ln bkptq}1
˘

`

ż T

0

´

›

›∇bk
›

›

2´λ

2´λ
`
›

›bk
›

›

8´5λ
3

8´5λ
3

¯

dt

`

ż T

0

›

›µk∇bk
›

›

8´λ
7

8´λ
7

dt ď Cpλ´1
q.

(5.204)

Based on equation (5.46) we have

›

›Btb
k
›

›

´1, 8´λ
7

“ sup

φPW
1,p 8´λ

7 q
1

pΩq:}φ}

W
1,p 8´λ

7 q
1

pΩq

“1

ˇ

ˇ

@

Btb
k, φ

D
ˇ

ˇ

ď sup

φPW
1, 8´λ

1´λ pΩq

}φ}
1, 8´λ

1´λ
“1

«

ˇ

ˇ

`

bkvk,∇φ
˘
ˇ

ˇ `
ˇ

ˇ

`

µkbk,∇φ
˘
ˇ

ˇ `
ˇ

ˇ

`

ωkbk, φ
˘
ˇ

ˇ `
ˇ

ˇ

`

Tkpµkq|Dvk|
2, φ

˘
ˇ

ˇ

ff

.

Let us note that W 1, 8´λ
1´λ pΩq Ă W 1,8pΩq Ă C0, 5

8 pΩq, and thus, by the Hölder and Young

inequalities we have

›

›Btb
k
›

›

´1, 8´λ
7

ď sup

φPW
1, 8´λ

1´λ pΩq

}φ}
1, 8´λ

1´λ
“1

«

›

›vk
›

›

10
3

›

›bk
›

›

40
23

}∇φ}8 `
›

›µk∇bk
›

›

8´λ
7

}∇φ} 8´λ
1´λ

`
›

›ωk
›

›

8

›

›bk
›

›

1
}φ}

8
`
›

›Tkpµkq|Dvk|
2
›

›

1
}φ}

8

ff

ď C
´

›

›vk
›

›

10
3
10
3

`
›

›bk
›

›

40
23
40
23

`
›

›µk∇bk
›

›

8´λ
7

8´λ
7

`
›

›bk
›

›

1
`
›

›Tkpµkq|Dvk|
2
›

›

1
` 1

¯

.

Finally, by (5.204), (5.201), (5.198), (5.197) we get

ż T

0

›

›Btb
k
›

›

W´1, 8´λ
7 pΩq

dt ď Cpλ´1
q. (5.205)

Next, notice, that (5.49) and (5.43) imply

sup
tPp0,T q

›

›ωkptq
›

›

8
`

ż

ΩT

bk|∇ωk|
2dxdt ď C. (5.206)
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By the Hölder inequality and (5.206), (5.201) we obtain

›

›bk∇ωk
›

›

16´5λ
11

ď

›

›

›

?
bk∇ωk

›

›

›

2

›

›

›

?
bk
›

›

›

2 16´5λ
6`5λ

ď

›

›

›

?
bk∇ωk

›

›

›

2

›

›bk
›

›

2
16´5λ
6`5λ

ď Cpλ´1
q.

(5.207)

Using (5.204), (5.43) and (5.207) we get

›

›∇pbkωkq
›

›

16´5λ
11

ď Cpλ´1
q (5.208)

and

›

›

›

›

∇
ˆ

bkωk

bk ` 1

˙
›

›

›

›

16´5λ
11

ď Cpλ´1
q. (5.209)

By (5.208), (5.201), (5.43) we can write

ż T

0

›

›bkωk
›

›

16´5λ
11

W 1, 16´5λ
11 pΩq

dt ď Cpλ´1
q. (5.210)

Using the equation (5.47) and inequalities (5.43), (5.198), (5.207), we deduce (in a similar

way as in (5.205)) the following:

ż T

0

›

›Btω
k
›

›

16´5λ
11

W´1, 16´5λ
11 pΩq

dt ď Cpλ´1
q. (5.211)

Reconstruction of the pressure

We will show that there exists pressure pk P L2p0, T, L2pΩqq such that

xvk,t, wy ´

´

Gk

´

ˇ

ˇvk
ˇ

ˇ

2
¯

vk b vk,∇w
¯

`
`

Tk
`

µk
˘

Dpvkq, Dpwq
˘

“
`

pk, divw
˘

@w P W 1,2
pΩq and almost all t P p0, T q.

(5.212)

Combining Lemma 5.2.1 with (5.38) and (5.20), (5.22) gives

pk1 “ LpTkpµkqDvkq P L2
pΩq for almost all t P p0, T q, (5.213)

pk2 “ Lp´Gkp|vk|
2
qvk b vkq P L2

pΩq for almost all t P p0, T q, (5.214)
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which are uniquely defined for a fixed k. Additionally, using the estimates (5.198), (5.200),

we have

›

›pk1
›

›

16´5λ
11

ď C
›

›TkpµkqDvk
›

›

16´5λ
11

for almost all t P p0, T q, (5.215)
›

›pk2
›

›

5
3

ď C
›

›vk
›

›

2
10
3

for almost all t P p0, T q, (5.216)

Moreover, the following equalities hold:

`

pk1,∆ϕ
˘

“
`

TkpµkqDpvkq,∇p∇ϕq
˘

for all ϕ P W 2,2
pΩq, (5.217)

`

pk2,∆ϕ
˘

“ ´

´

Gk

´

ˇ

ˇvk
ˇ

ˇ

2
¯

vk b vk,∇2ϕ
¯

for all ϕ P W 2,2
pΩq, (5.218)

ż

Ω

pk1dx “

ż

Ω

pk2dx “ 0. (5.219)

Let w P W 1,2pΩq. It can be decomposed (by the Helmholtz decomposition) in the following

way:

w “ ∇φ ` ∇ ˆ A,

where φ,A P W 2,2pΩq. Since div p∇ ˆ Aq “ 0, from (5.45) it follows

xvk,t,∇ ˆ Ay ´

´

Gk

´

ˇ

ˇvk
ˇ

ˇ

2
¯

vk b vk,∇ p∇ ˆ Aq

¯

`
`

Tk
`

µk
˘

Dpvkq, Dp∇ ˆ Aq
˘

“ 0.
(5.220)

We also see that due to div vk “ 0, we have

xvk,t,∇φy “ 0. (5.221)

Since div p∇ ˆ Aq “ 0, we can write

`

pk1, div p∇ ˆ Aq
˘

“ 0,
`

pk2, div p∇ ˆ Aq
˘

“ 0. (5.222)

Thus, summing (5.222), (5.221), (5.220), (5.218), (5.217), and using the fact that

`

TkpµkqDpvkq,∇p∇ϕq
˘

“
`

TkpµkqDpvkq, Dp∇ϕq
˘

,
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we get

xvk,t,∇ϕ ` ∇ ˆ Ay ´

´

Gk

´

ˇ

ˇvk
ˇ

ˇ

2
¯

vk b vk,∇ p∇ϕ ` ∇ ˆ Aq

¯

`
`

Tk
`

µk
˘

Dpvkq, D p∇ϕ ` ∇ ˆ Aqq
˘

“
`

pk, div p∇ϕ ` ∇ ˆ Aq
˘

,

where pk “ pk1 ` pk2. The obtained equality is exactly (5.212).

Next, using (5.215), (5.216) and estimates (5.198), (5.200), we deduce

ż T

0

´

›

›pk1
›

›

16´5λ
11

16´λ
11

`
›

›pk2
›

›

5
3
5
3

¯

dt ď Cpλ´1
q. (5.223)

Now, based on the equation (5.212) for λ P p0, 1q and proceeding as in (5.205) we have

›

›Bvkt
›

›

W´1, 16´5λ
11 pΩq

ď C
´

›

›vk
›

›

2
10
3

`
›

›TkpµkqDvk
›

›

16´5λ
11

` }p1} 16´5λ
11

` }p2} 5
3

¯

. (5.224)

Consequently by estimates (5.197), (5.198), (5.223) we have

ż T

0

›

›Btv
k
›

›

16´5λ
11

W´1, 16´5λ
11 pΩq

dt ď Cpλ´1
q. (5.225)

Taking the limit k Ñ 8

By (5.197), (5.198), (5.225), (5.204), (5.205), (5.206), (5.211), (5.201), (5.223), we

deduce the existence of a subsequence (which we do not relabel) such that

vk á
˚ v weakly* in L8

`

0, T, L2
divpΩq

˘

X L2
`

0, T,W 1,2
div pΩq

˘

, (5.226)

vk á v weakly in L
10
3

´

0, T, L
10
3 pΩq

¯

, (5.227)

Btv
k

á Btv weakly in Lq
`

0, T,W´1,q
pΩq

˘

for all q P

„

1,
16

11

˙

, (5.228)

bk á
˚ b weakly* in Lq

`

0, T,W 1,q
pΩq

˘

X L8
`

0, T, L1
pΩq

˘

for all q P r1, 2q, (5.229)

Btb
k

á Btb weakly in M
`

0, T,W´1,q
pΩq

˘

for all q P r1, 8{7q, (5.230)

ωk á
˚ ω weakly* in L8

p0, T, L8
pΩqq , (5.231)

Btω
k

á Btω weakly in Lq
`

0, T,W´1,q
pΩq

˘

for all q P r1, 16{11q, (5.232)

bk á b weakly in Lq p0, T, LqpΩqq for all q P r1, 8{3q, (5.233)

pk1 á p1 weakly in Lq p0, T, LqpΩqq for all q P r1, 16{11q, (5.234)

pk2 á p2 weakly in L
5
3

´

0, T, L
5
3 pΩq

¯

. (5.235)
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From the Aubin-Lions lemma, we conclude that for α P p0, 1q

vn Ñ v strongly in L2
`

0, T,Wα,2
pΩq X L2

divpΩq
˘

, (5.236)

bn Ñ b strongly in L2
`

0, T,Wα,2
pΩq

˘

. (5.237)

We can extract subsequences that converge almost everywhere

vk Ñ v almost everywhere in ΩT , (5.238)

bk Ñ b almost everywhere in ΩT . (5.239)

Thus, based on inequalities (5.204), (5.198) and the Vitali Lemma 5.2.3, we have

vk Ñ v strongly in Lq p0, T, LqpΩqq for all q P r1, 10{3q, (5.240)

bk Ñ b strongly in Lq p0, T, LqpΩqq for all q P r1, 8{3q. (5.241)

Using (5.210), (5.209), (5.241), (5.231), Lemma 5.2.4 and the uniqueness of the weak

limit, we get

bkωk á bω weakly in Lq
`

0, T,W 1,q
pΩq

˘

for all q P r1, 16{11q, (5.242)

bkωk

1 ` bk
á

bω

1 ` b
weakly in Lq

`

0, T,W 1,q
pΩq

˘

for all q P r1, 16{11q. (5.243)

Our goal is to strengthen the convergence result for ωk. To achieve this, we employ the

Div-Curl lemma (see Lemma 5.2.2). Let us define two 4-vectors

ak :“
`

ωk, ωkvk ´ µk∇ωk
˘

, ck :“
´

bk
`

1 ` bk
˘´1

ωk, 0, 0, 0
¯

.

Using (5.43), (5.198) and (5.207) yields

›

›ak
›

›

L
16´5λ

11 pΩT q
`
›

›ck
›

›

L8pΩT q
ď Cpλ´1

q.

From the equation (5.47), the maximum principle (5.43) and (5.209), we have

›

›divt,x a
k
›

›

L8pΩT q
“
›

›Btω
k

` div
`

ωkvk
˘

´ div
`

µk∇ωk
˘
›

›

L8pΩT q
“ κ2

›

›

›

`

ωk
˘2
›

›

›

L8pΩT q
ď C
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and

›

›

›
∇t,xc

k
´
`

∇t,xc
k
˘T
›

›

›

L1pΩT q
ď C

›

›

›

›

∇
ˆ

bkωk

1 ` bk

˙
›

›

›

›

L1pΩT q

ď C.

Using (5.231), (5.240), (5.207), (5.43) in the case of the convergence of ak and (5.243),

(5.43) combined with the uniqueness of the weak limit in the case of the convergence of

ck, we get

ak á a “
`

ω, ωv ´ µ∇ω
˘

weakly in LqpΩT
q for all q P r1, 16{11q,

ck á
˚ c “

`

b p1 ` bq´1 ω, 0, 0, 0
˘

weakly* in L8
pΩT

q .

Thus, using the Div-Curl Lemma 5.2.2 implies

bk|ωk|2

1 ` bk
á

b|ω|2

1 ` b
in the sense of distributions. (5.244)

However, we see that the sequence bk|ωk|2

1`bk
is bounded in L8pΩT q, so a weak sequence can

be extracted. Using the uniqueness of the weak limit we get

bk|ωk|2

1 ` bk
á

˚ b|ω|2

1 ` b
weakly* in L8

pΩT
q. (5.245)

By (5.245) and (5.241) we deduce that

ż

ΩT

`

bkωk
˘2
dx “

ż

ΩT

bk
`

bk ` 1
˘bk|ωk|2

1 ` bk
dx

Ñ

ż

ΩT

b pb ` 1q
b|ω|2

1 ` b
dx “

ż

ΩT

pbωq
2 dx.

(5.246)

From (5.241) and (5.231) it follows

bkωk á bω weakly in L2
pΩT

q. (5.247)

And using (5.246) and (5.247) we get

bkωk Ñ bω strongly in L2
pΩT

q. (5.248)
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Consequently, for a subsequence we have

bkωk Ñ bω almost everywhere in ΩT . (5.249)

By the Vitali Lemma 5.2.3, (5.249), (5.239) and (5.43) we get

ωk “
bkωk

bk
Ñ

bω

b
“ ω strongly in LqpΩT

q for all q P r1,8q. (5.250)

Having the above convergence and (5.43), it is easy to see that

1

ωk
Ñ

1

ω
strongly in LqpΩT

q for all q P r1,8q. (5.251)

Using (5.251) and (5.241), we conclude that

µk Ñ µ “
b

ω
strongly in LqpΩT

q for all q P r1, 8{3q. (5.252)

Also, there exists a subsequence (which we do not relabel) such that

µk Ñ µ almost everywhere in ΩT . (5.253)

From (5.252) combined with (5.229) we deduce

µk∇bk á µ∇b weakly in LqpΩT
q for all q P r1, 8{7q. (5.254)

Thanks to (5.197), we can deduce that
a

TkpµkqDpvkq á
?
µDpvq in L2pΩT q, and thus,

by (5.226), (5.252) and the uniqueness of the weak limit we have

a

TkpµkqDpvkq á
?
µDpvq weakly in L2

pΩT
q. (5.255)

Again, using (5.253), (5.204), (5.43) and Lemma 5.2.3 we conclude that

a

Tk pµkq Ñ
?
µ strongly in LqpΩT

q for all q P r1, 16{3q. (5.256)
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Now, from (5.256), (5.255) and the weak-strong convergence Lemma 5.2.4 we deduce

Tk
`

µk
˘

Dvk á µDv weakly in LqpΩT
q for all q P r1, 16{11q. (5.257)

Using (5.251), (5.242) and (5.229), we get

µk∇ωk “
∇
`

bkωk
˘

ωk
´ ∇bk á

∇ pbωq

ω
´ ∇b weakly in LqpΩT

q for all q P r1, 16{11q.

The convergence results obtained above are sufficient to pass to the limit in (5.45)-(5.47)

to obtain (5.15), (5.17), (5.19). Now, we will concentrate on obtaining (5.16). Let us

denote by Ek :“ |vk|2{2` bk. Let us set w “ vkz, z P W 1,8pΩq in (5.212) and sum it with

(5.46) to get

@

Ek
t , z

D

´
``

Ek
` pk

˘

vk,∇z
˘

`
`

µk∇bk,∇z
˘

`
`

TK
`

µk
˘

D
`

vk
˘

vk,∇z
˘

“
`

´bkωk, z
˘

`
1

2

``

2Gk

`

|vk|
2
˘

|vk|
2

´ |vk|
2

´ Γk
`

|vk|
2
˘˘

vk,∇z
˘

.
(5.258)

First, let us observe that by (5.198), (5.22), (5.23), the sequence
`

2Gk

`

|vk|2
˘

|vk|2 ´ |vk|2 ´ Γk
`

|vk|2
˘˘

vk is bounded in L
10
9 pΩT q, and thus there exists a

weakly convergent subsequence (which we do not relabel):

`

2Gk

`

|vk|
2
˘

|vk|
2

´ |vk|
2

´ Γk
`

|vk|
2
˘˘

vk á 0 weakly in L
10
9 pΩT

q . (5.259)

Using (5.238), (5.22), (5.23), we obtain

`

2Gk

`

|vk|
2
˘

|vk|
2

´ |vk|
2

´ Γk
`

|vk|
2
˘˘

vk Ñ 0 almost everywhere in ΩT . (5.260)

Thus, by (5.260), (5.259) and the Egorov theorem we conclude that

`

2Gk

`

|vk|
2
˘

|vk|
2

´ |vk|
2

´ Γk
`

|vk|
2
˘˘

vk á 0 weakly in L
10
9 pΩT

q . (5.261)

From (5.238) and (5.239) we have

Ek
Ñ E almost everywhere in ΩT . (5.262)
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Next, (5.198), (5.204) and (5.262) combined with the Egorov theorem yield

Ek
á E “ E weakly in L

5
3 pΩT

q. (5.263)

Now, we see that due to (5.198) and (5.263), vkEk is bounded in L
10
9 pΩT q, and thus has

a weakly convergent subsequence. Thus, the Egorov lemma, (5.262) and (5.238) imply

that

vkEk
á vE weakly in L

10
9 pΩT

q . (5.264)

Finally, using (5.257), (5.240), (5.234), (5.235) and the weak-strong convergence Lemma

5.2.4, we get

TkpµkqDpvkqvk á µDpvqv weakly in LqpΩT
q for all q P

„

1,
80

79

˙

, (5.265)

pk1v
k

á p1v weakly in LqpΩT
q for all q P

„

1,
80

79

˙

, (5.266)

pk2v
k

á p2v weakly in LqpΩT
q for all q P

„

1,
10

9

˙

. (5.267)

From the equation (5.258) and (5.261), (5.264)-(5.267), (5.254), (5.248), recalling that the

weakly convergent sequence is bounded, we deduce that

ż T

0

›

›BtE
k
›

›

q

W´1,qpΩq
dt ď C for all q P r1, 80{79q.

Thus, one can pass to the limit in (5.258) to get (5.16).

Attainment of initial data

In this part, we focus on obtaining initial conditions in a similar fashion as presented

in [7]. We start with v. Let us test equation (5.45) with φ P DpΩq such that divφ “ 0

and integrate from 0 to t

`

vkptq, φ
˘

´ pv0, φq ´

ż t

0

`

vk b vk, Dφ
˘

dt `

ż t

0

`

TkpµkqDvk, Dφ
˘

dx “ 0. (5.268)

160



5.2. PROOF OF THEOREM 5.1.1 AND AUXILIARY THEOREMS

Using (5.240) and Lemma 5.2.7 we obtain

vkptq Ñ vptq in L2
pΩq for almost all t P p0, T q. (5.269)

By (5.257), (5.240) and (5.269), we can pass to the limit in (5.268)

pvptq, φq ´ pv0, φq ´

ż t

0

pv b v,Dφq dt `

ż t

0

pµDv,Dφq dt “ 0 for almost all t P p0, T q.

From this we deduce

lim
tÑ0`

pvptq, φq “ pv0, φq . (5.270)

The equality also holds for φ P L2
divpΩq. Indeed, let tφju be a sequence of smooth functions

such that φj Ñ φ in L2pΩq. First, let us observe that by (5.226) we have

lim
jÑ8

lim
tÑ0`

| pvptq, φj ´ φq | ď sup
tPp0,T q

}vptq}2 lim
jÑ8

}φj ´ φ}2 “ 0. (5.271)

Now, using (5.270) we have

lim
jÑ8

lim
tÑ0`

pvptq, φjq “ lim
jÑ8

lim
tÑ0`

pvptq, φq ` lim
jÑ8

lim
tÑ0`

pvptq, φj ´ φq “ pv0, φq .

From this and (5.271) we deduce that (5.270) also holds for φ in L2
divpΩq.

Now, testing equation (5.45) with vk and integrating from 0 to t, we get

}vkptq}
2
2 ` 2

ż t

0

`

TkpµkqDvk, Dvk
˘

dt “ }v0}
2
2.

Next, omitting the second term of the left-hand side and passing to the limit with k Ñ 8

with the use of (5.269), we obtain

}vptq}
2
2 ď }v0}

2
2 for a.a. t P p0, T q. (5.272)
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Using (5.270) and (5.272) we conclude that

lim
tÑ0`

}vptq ´ v0}
2
2 “ lim

tÑ0`

`

}vptq}
2
2 ` }v0}

2
2 ´ 2 pvptq, v0q

˘

ď }v0}
2
2 ` }v0}

2
2 ´ 2 pv0, v0q “ 0.

(5.273)

Similarly, we can show the attainment of initial data for ω.

Now, we will concentrate on showing the attainment of initial data by b. Before we

proceed further, we will establish more convergence results. By (5.253), (5.204), (5.43)

and Lemma 5.2.3, we have

a

µk Ñ
?
µ “

c

b

ω
strongly in LqpΩT

q for all q P r1, 16{3q. (5.274)

From (5.274) combined with (5.229), we deduce

a

µk∇bk á
?
µ∇b weakly in LqpΩT

q for all q P r1, 16{11q. (5.275)

From (5.229), (5.239), Lemma 5.2.3 it follows that

?
bk Ñ

?
b strongly in Lq p0, T, LqpΩqq for all q P r1, 4q, (5.276)

By (5.276) and Lemma 5.2.7 we get

a

bkptq Ñ
a

bptq in L2
pΩq for almost all t P p0, T q. (5.277)

Now, using (5.50) for almost all times t P p0, T q we have

´

a

bkptq, φ
¯

´

ż t

0

´?
bkvk,∇φ

¯

dτ `

ż t

0

ˆ

1

2
?
ωk

a

µk∇bk,∇φ
˙

dτ

ě
1

2

ż t

0

´?
bkωk, φ

¯

dτ `

ˆ

b

bk0, φ

˙

@φ P DpΩq, φ ě 0.

Using (5.276), (5.275), (5.240), (5.229), (5.252), (5.277) and letting k Ñ 8, we obtain

´

a

bptq, φ
¯

´

ż t

0

´?
bv,∇φ

¯

dτ `

ż t

0

ˆ?
ω

2

?
µ∇b,∇φ

˙

dτ

ě
1

2

ż t

0

´?
bω, φ

¯

dτ `

´

a

b0, φ
¯

@φ P DpΩq, φ ě 0 for almost all t P p0, T q.
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Finally, letting t Ñ 0` gives

lim inf
tÑ0`

´

a

bptq, φ
¯

ě

´

a

b0, φ
¯

@φ P DpΩq, φ ě 0. (5.278)

Note that the obtained inequality is also valid for φ P L2pΩq, as before in (5.270), due to

the density argument. Now, setting z “ It0ďτďtu in (5.258) and integrating from 0 to t,

we get

ż t

0

xBtE
k, 1ydτ “ ´

ż t

0

`

bkωk, 1
˘

dτ.

Thus,

ż

Ω

bkpx, tqdx `

ż

Ω

|vkpx, tq|
2dx “ ´

ż t

0

`

bkωk, 1
˘

dτ `

ż

Ω

bk0pxqdx `

ż

Ω

|v0pxq|
2dx.

Using (5.277), (5.269), (5.248) and letting letting k Ñ 8, we obtain

ż

Ω

bpx, tqdx `

ż

Ω

|vpx, tq|
2dx “ ´

ż t

0

pbω, 1q dτ `

ż

Ω

b0pxqdx `

ż

Ω

|v0pxq|
2dx

for almost all t P p0, T q. Finally, letting t Ñ 0`, we get

lim sup
tÑ0`

ˆ
ż

Ω

bpx, tqdx `

ż

Ω

|vpx, tq|
2dx

˙

“

ż

Ω

b0pxqdx `

ż

Ω

|v0pxq|
2dx.

Thus, employing (5.273), we get

lim sup
tÑ0`

ż

Ω

bpx, tqdx “

ż

Ω

b0pxqdx. (5.279)

Notice that by (5.279) and (5.278) we have

lim sup
tÑ0`

}
a

bptq ´
a

b0}
2
2 “ lim sup

tÑ0`

´

}bptq}1 ` }b0}1 ´ 2
´

a

bptq,
a

b0

¯¯

ď }b0}1 ` }b0}1 ` 2 lim sup
tÑ0`

´

´

´

a

bptq,
a

b0

¯¯

ď 2}b0}1 ´ 2 lim inf
tÑ0`

´

a

bptq,
a

b0

¯

ď 2}b0}1 ´ 2
´

a

b0,
a

b0

¯

ď 0.
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Now, by (5.229) it is straightforward to show the attainment of initial data

lim
tÑ0`

}bptq ´ b0}1 ď lim
tÑ0`

›

›

›

a

bptq ´
a

b0

›

›

›

2

›

›

›

a

bptq `
a

b0

›

›

›

2

ď 2 sup
τPp0,T q

}bpτq}
1{2
1 lim

tÑ0`

›

›

›

a

bptq ´
a

b0

›

›

›

2

“ 0.

This concludes the proof of the theorem.



Summary

In the thesis, the local-in-time existence of regular solutions has been examined. First,

the existence was shown in the case of periodic domains and data from H2. Moreover,

the condition that ensures that obtained local solutions are in fact global was formulated.

The basic idea behind the condition is to consider functions with small enough oscilla-

tions (measured with the L2 norm of Laplacian). Next, it was shown that the previous

assumption on the regularity of initial data can be relaxed - the local-in-time solution

exists provided initial data belongs to Hs, where s ą d
2
. The presented approach to the

problem of finding possibly the largest space for which the local-in-time existence holds

can be extended to the Besov or Tribel-Lizorkin spaces. The applied methodology would

be similar. These results could be also used as the starting point for the considerations

of the case of a bounded domain. Next, the analysis of more complicated i.e. nonlinear

boundary conditions used in engineering practice could be attempted. Another interesting

direction of subsequent research would be the consideration of turbulent flow’s interaction

with deformable structures (FSI).
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Appendix A

Kato-Ponce commutator estimate in Td

The main aim of this chapter is to adapt the proof of the classical estimate of Js

commutator from Rd to Td. We closely follow the proof given in [26] modifying parts

which are different due to the choice of the domain and operators’ definitions. We will

also use results from functional analysis concerning spaces defined on the torus and from

pseudo-differential operator theory.

A.1. Definitions and theorems of pseudo-differential operator

theory

To prove Lemma 1.3.3 we will utilise some results from pseudo-differential operator

theory. In the following definitions, we introduce the needed apparatus.

Definition A.1.1 (see [9]). Let m : Td ˆ Zdr Ñ C be a measurable function usually

referred to as a symbol. Then, the periodic multi-linear pseudo-differential operator as-

sociated with a symbol m is the multilinear operator defined by

Tmpfqpxq “
ÿ

ξPZdr

ei2πxx,ξ1`ξ2`¨¨¨`ξrympx, ξqf̂1pξ1qf̂2pξ2q . . . f̂rpξrq,

where x P Td, ξ “ pξ1, ξ2, . . . , ξrq, f “ pf1, f2, . . . , frq P DpTdqr and

f̂pξiq “

ż

Td

e´i2πxx,ξiyfipxqdx.



APPENDIX A. KATO-PONCE COMMUTATOR ESTIMATE IN Td

Definition A.1.2 (see Definition 3.3.1 in [42]). Let σ : Zd Ñ C and 1 ď i, j ď d. Let

δj P Nd be defined by

pδjqi “

$

&

%

1, if i “ j,

0, if i ‰ j.

We define the forward difference operator ∆ξj by

∆ξjσpξq :“ σpξ ` δjq ´ σpξq

and for α P Nd we define

∆α
ξ :“ ∆α1

ξ1
. . .∆αd

ξd
.

Theorem A.1.1 (see Theorem 3.3 in [9]). Assume that m : TdˆZdr Ñ C is a measurable

function that satisfies the discrete symbol inequalities

sup
xPTd

ˇ

ˇ∆α1
ξ1
∆α2
ξ2
. . .∆αr

ξr
mpx, ξ1, ξ2, . . . , ξrq

ˇ

ˇ ď
Cα

p1 ` |ξ1|2 ` ¨ ¨ ¨ ` |ξr|2q
|α|

2

(A.1)

for all |α| “ |α1| ` |α2| ` ¨ ¨ ¨ ` |αr| ď
“

3dr
2

‰

` 1. Then, the periodic multi-linear

pseudo-differential operator Tm (see Definition A.1.1) extends to a bounded operator from

Lp1pTdq ˆ Lp2pTdq ˆ . . . LprpTdq into LppTdq provided that

1

p
“

1

p1
`

1

p2
` . . .

1

pr
, 1 ă p ă 8, 1 ă pi ď 8.

Lemma A.1.2 (see Corollary 4.5.7 in [42]). Let 0 ă δ ď 1, 0 ď ρ ď 1, m P R. Let

a : Td ˆ Rd Ñ C satisfy

ˇ

ˇB
α
ξ B

β
xapx, ξq

ˇ

ˇ ď
Caαβm

p1 ` |ξ|2q
m`ρ|α|´δ|β|

2

@x P Td, ξ P Rd
(A.2)

for |α| ď N1 and |β| ď N2. Then the restriction a “ a|TdˆZd satisfies the estimate

ˇ

ˇ∆α
ξ B

β
xapx, ξq

ˇ

ˇ ď
C 1
aαβmCaαβm

p1 ` |ξ|2q
m`ρ|α|´δ|β|

2

@x P Td, ξ P Zd
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A.1. DEFINITIONS AND THEOREMS OF PSEUDO-DIFFERENTIAL OPERATOR THEORY

for |α| ď N1 and |β| ď N2.

In the proof of Lemma 1.3.3 we will need some results from the interpolation theory.

First, let us introduce the needed definitions.

Definition A.1.3. We define a complex strip in the following way:

S “ tz P C : 0 ă Im z ă 1u.

Definition A.1.4 (see [21]). A continuous function F : S Ñ C, which is analytic in S is

said to be of admissible growth if there is 0 ď α ă π such that

sup
zPS

log |F pzq|

eα| Im z|
ă 8

Definition A.1.5 (see [21]). Let pΩ,Σ, µq be a measure space and let X1, ...,Xm

be linear spaces. Let us assume that for every z P S there is a linear operator

Tz : X1 ˆ . . .Xm Ñ L
0
pµq, where L0

pµq denotes the space of all equivalence classes of

complex-valued measurable functions on Ω with the topology of convergence in measure

on µ-finite sets. The family tTzuzPS is said to be analytic if for any px1, ..., xmq P X1ˆ. . .Xm

and for almost every ω P Ω the function

S Q z ÞÝÑ Tzpx1, ..., xmqpωq, (A.3)

is analytic in S and continuous in S. Additionally, if for j “ 0, 1 the function

R ˆ Ω Q pt, ωq ÞÝÑ Tj`itpx1, ..., xmqpωq

is pLˆΣq-measurable for every px1, ..., xmq P X1 ˆ . . .Xm, and for almost every ω P Ω the

function (A.3) is of admissible growth, then the family tTzuzPS is said to be an admissible

analytic family.

The theorem we are about to cite is more general than the stated below. The statement

has been adapted to better fit the case at hand.
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Theorem A.1.3 (see Theorem 4.1 in [21]). For 1 ď k ď m, fix 1 ă q0, q1, q0k, q1k ă 8

and for 0 ă θ ă 1 define q, qk by setting

1

qk
“

1 ´ θ

q0k
`

θ

q1k
,

1

q
“

1 ´ θ

q0
`
θ

q1
.

Assume that Xk is a dense linear subspace of Lq0kpTdq X Lq1kpTdq and that tTzuzPS is an

admissible analytic family of multilinear operators Tz : X1ˆ¨ ¨ ¨ˆXm Ñ Lq0pTdqXLq1pTdq.

Suppose that for every ph1, ..., hmq P X1 ˆ . . .Xm, t P R and j “ 0, 1, we have

}Tj`itph1, ..., hmq}Lqj pTdq
ď Kjptq }h1}Lqj1 pTdq

. . . }hm}Lqjm pTdq
, (A.4)

where Kj are Lebesgue measurable functions such that Kj P L1pPjpθ, ¨qdtq for all θ P p0, 1q,

where

Pjpx ` iy, tq “
e´πpt´yq sinπx

sin2 πx ` pcos πx ´ p´1qje´πpt´yqq2
, x ` iy P S.

Then for all pf1, ..., fmq P X1 ˆ . . .Xm, 0 ă θ ă 1, and s P R we have

}Tθ`ispf1, ..., fmq}LqpTdq
ď

ˆ

q0
q0 ´ 1

˙1´θ ˆ
q1

q1 ´ 1

˙θ

Kθpsq
m
ź

j“1

}fj}Lqj pTdq
,

where

logKθpsq “

ż

R
P0pθ, tq logK0pt ` sqdt `

ż

R
P1pθ, tq logK1pt ` sqdt.

Remark A.1.4. For fixed x P p0, 1q and y P R there exists constant Cx,y ą 0 such that

|Pjpx ` iy, tq| ď Cx,ye
´π|t|

@t P R.

A.2. Proof of Lemma 1.3.3

The presented proof follows the original proof in the work of Kato and Ponce [26].

Some of the more calculation-focused lemmas were moved to Section A.3 to provide a

clearer argument. Additionally, in the presented proof term 4π2 will be omitted in the

definition of Js to shorten a bit the obtained formulas.
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Proof of Theorem 1.3.3. For smooth functions, any considered infinite series in this proof

will be convergent as the following holds

@ϕ P C8
pTdq @m P N DCϕ,m such that @ξ P Zd |ϕ̂pξq| ď

Cϕ,m
p1 ` |ξ|2qm{2

. (A.5)

Let us start the proof by rewriting the expression under the norm using Definition 1.3.5:

Jspfgqpxq ´ fJspgqpxq “
ÿ

ξPZd

ei2πxx,ξy
`

1 ` |ξ|
2
˘s{2

xfgpξq

´ fpxq
ÿ

ηPZd

ei2πxx,ηy
`

1 ` |η|
2
˘s{2

ĝpηq.

Now, we use the fact that the Fourier transform of a product is a convolution of transforms

Jspfgqpxq ´ fJspgqpxq “
ÿ

ξPZd

ei2πxx,ξy
`

1 ` |ξ|
2
˘s{2

ÿ

ηPZd

f̂pηqĝpξ ´ ηq

´
ÿ

ξPZd

ei2πxx,ξyf̂pξq
ÿ

ηPZd

ei2πxx,ηy
`

1 ` |η|
2
˘s{2

ĝpηq.

We change the variables in the first integral on the right-hand side ξ “ ξ ´ η:

Jspfgqpxq ´ fJspgqpxq “
ÿ

ηPZd

ÿ

ξPZd

ei2πxx,ξ`ηy
`

1 ` |ξ ` η|
2
˘s{2

f̂pηqĝpξq

´
ÿ

ηPZd

ÿ

ξPZd

ei2πxx,ξ`ηy
`

1 ` |η|
2
˘s{2

f̂pξqĝpηq.

We can rewrite this in the following way

Jspfgqpxq ´ fJspgqpxq

“
ÿ

ηPZd

ÿ

ξPZd

ei2πxx,ξ`ηy
´

`

1 ` |ξ ` η|
2
˘s{2

´
`

1 ` |η|
2
˘s{2

¯

f̂pξqĝpηq.
(A.6)

Now, we aim to rewrite the obtained expression as a sum of three terms. To do this we

introduce the following partition of unity: let tΦju
3
j“1 Ă C8pRq be such that

0 ď Φj ď 1 for j “ 1, 2, 3,

Φ1 ` Φ2 ` Φ3 “ 1 on r0,8q,
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suppΦ1 Ă

ˆ

´
1

9
,
1

9

˙

, suppΦ2 Ă

ˆ

1

10
, 10

˙

, suppΦ3 Ă p9,8q . (A.7)

The value ´1
9

in the definition of the Φ1 actually can be replaced by any negative value.

Now, we can write

Jspfgqpxq ´ fJspgqpxq “

3
ÿ

j“1

σjpDqpf, gqpxq, (A.8)

where

σjpDqpf, gqpxq “
ÿ

ηPZd

ÿ

ξPZd

ei2πxx,ξ`ηyσjpξ, ηqf̂pξqĝpηq

and

σjpξ, ηq “

´

`

1 ` |ξ ` η|
2
˘s{2

´
`

1 ` |η|
2
˘s{2

¯

Φj

ˆ

1 ` |ξ|2

1 ` |η|2

˙

.

Let us note that notation analogous to σjpDqpf, gq will be used in later parts for different

symbols. Now, we aim to provide the estimate for each term σjpDqpf, gq. For the reader’s

convenience, each estimate will be obtained in a separate subsection.

A.2.1. Step 1: Estimate of σ1pDqpf, gq

We start with the transforming function σ1pξ, ηq in the following way

σ1pξ, ηq “
`

1 ` |η|
2
˘s{2

˜

ˆ

1 ` |ξ ` η|2

1 ` |η|2

˙s{2

´ 1

¸

Φ1

ˆ

1 ` |ξ|2

1 ` |η|2

˙

“
`

1 ` |η|
2
˘s{2

´

“

1 ` p1 ` |η|
2
q

´1
xξ, ξ ` 2ηy

‰s{2
´ 1

¯

Φ1

ˆ

1 ` |ξ|2

1 ` |η|2

˙

.

Our goal is to show that σ1 after some transformations satisfies condition (A.1). However,

checking condition (A.1) can be troublesome, and instead, we will verify condition (A.2)

and use Lemma A.1.2. It is easier to check first condition (A.2) for pξ, ηq such that
1`|ξ|2

1`|η|2
ă 1

9
(compare with (A.7)). Now, we perform the Taylor expansion of the term

r1 ` p1 ` |η|2q´1xξ, ξ ` 2ηys
s{2. To do this we recall that p1`xqα “

ř8

i“0

`

α
i

˘

xi for |x| ă 1,

where
`

α
i

˘

“
śi

r“1
α´r`1

r
,
`

α
0

˘

“ 1. Indeed, based on Lemma A.3.1 from Section A.3 and
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the fact that 1`|ξ|2

1`|η|2
ă 1

9
we have that |p1 ` |η|2q´1xξ, ξ ` 2ηy| ă 1. Thus we may write

σ1pξ, ηq “
`

1 ` |η|
2
˘s{2

«

8
ÿ

r“0

ˆ

s{2

r

˙

p1 ` |η|
2
q

´r
xξ, ξ ` 2ηy

r
´ 1

ff

Φ1

ˆ

1 ` |ξ|2

1 ` |η|2

˙

“

8
ÿ

r“1

ˆ

s{2

r

˙

p1 ` |η|
2
q
s{2´r

xξ, ξ ` 2ηy
rΦ1

ˆ

1 ` |ξ|2

1 ` |η|2

˙

.

Now, we aim to reformulate the terms under the sum. Let us recall that

pJs´1gq
p

pηq “ p1 ` |η|
2
q
s´1
2 ĝpηq, pBfq

p

pξq “ ξf̂pξq. (A.9)

Thus, for pξ, ηq such that 1`|ξ|2

1`|η|2
ă 1

9
we may write:

f̂pξqĝpηqσ1pξ, ηq “

8
ÿ

r“1

xσ1,r, pBfq
p

pξqypJs´1gq
p

pηq

” xσ1pξ, ηq, pBfq
p

pξqypJs´1gq
p

pηq,

(A.10)

where

σ1,rpξ, ηq “

ˆ

s{2

r

˙

p1 ` |η|
2
q

´r`1{2
xξ, ξ ` 2ηy

r´1
pξ ` 2ηqΦ1

ˆ

1 ` |ξ|2

1 ` |η|2

˙

. (A.11)

For pξ, ηq such that 1`|ξ|2

1`|η|2
ě 1

9
things are simpler:

σ1pξ, ηqf̂pξqĝpηq “ 0 ¨ f̂pξqĝpηq “ x0, pBfq
p

pξqypJs´1gq
p

pηq

” xσ1pξ, ηq, pBfq
p

pξqypJs´1gq
p

pηq.

With this, we can conclude that

σ1pξ, ηq “

$

&

%

ř8

r“1 σ1,rpξ, ηq for pξ, ηq : 1`|ξ|2

1`|η|2
ă 1

9

0 otherwise
. (A.12)

As mentioned before, we will show that for each r function σ1,r fulfils condition (A.2) up

to some number of differentiations kpdq P N. We will analyse σ1,r step by step. Let m ě 0.

Then, based on Lemma A.3.3 from Section A.3 let us observe that for αi P N such that
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řd
i“1 αi “ m we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |η|2q´r`1{2
‰

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` rqmp1 ` |η|
2
q

´r`1{2´m
2 @η P Rd.

Using the assumption 1`|ξ|2

1`|η|2
ă 1

9
we can write

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |η|2q´r`1{2
‰

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cp1 ` rqm

p1 ` |ξ|2 ` |η|2q
m
2 p1 ` |η|2qr´1{2

@pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ă

1

9
.

(A.13)

Now let us focus on the term xξ, ξ ` 2ηyr´1pξk ` 2ηkq. Let αi, βi P N be such that
řd
i“1pα1 ` βiq “ m. Based on Lemma A.3.4 from Section A.3 we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C p1 ` rqm
ˆ

7

9

˙r
p1 ` |η|2q

r´ 1
2

p1 ` |ξ|2 ` |η|2q
m
2

@pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ă

1

9
.

(A.14)

Now we will handle the last term in the definition of σ1,r. From Lemma A.3.5 from Section

A.3 we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ1

´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

p1 ` |ξ|2 ` |η|2q
m
2

@pξ, ηq P R2d. (A.15)

Thus based on (A.11), (A.12), (A.13), (A.14), (A.15) and Lemma A.3.2 from Section A.3

we can finally write

ˇ

ˇ

ˇ

ˇ

ˇ

Bmσ1pη, ξq

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď
Cpmq

p1 ` |ξ|2 ` |η|2q
m
2

8
ÿ

r“1

ˇ

ˇ

ˇ

ˇ

ˆ

s{2

r

˙
ˇ

ˇ

ˇ

ˇ

p1 ` rqm
ˆ

7

9

˙r

.

The sum on the right-hand side is finite based on the D’Alembert criterion for series

convergence. Indeed we see that

ˇ

ˇ

ˇ

`

s{2
r`1

˘

ˇ

ˇ

ˇ
p2 ` rqm

`

7
9

˘r`1

ˇ

ˇ

ˇ

`

s{2
r

˘

ˇ

ˇ

ˇ
p1 ` rqm

`

7
9

˘r
“

7

9

ˇ

ˇ

ˇ

ˇ

s{2 ´ pr ` 1q ` 1

r ` 1

ˇ

ˇ

ˇ

ˇ

ˆ

r ` 2

r ` 1

˙m
rÑ8
ÝÑ

7

9
ă 1.

176



A.2. PROOF OF LEMMA 1.3.3

Based on Lemma A.1.2 we have

ˇ

ˇ∆α1
ξ1
. . .∆αd

ξd
∆β1
η1
. . .∆βd

ηd
σ1pξ, ηq

ˇ

ˇ ď
Cpm, sq

p1 ` |ξ|2 ` |η|2q
m
2

.

From (A.10), (A.12) and Theorem A.1.1 we have

}σ1pDqpf, gq}p “
›

›σ1pDqpBf, Js´1gq
›

›

p
ď C }Bf}p1

›

›Js´1g
›

›

p2
. (A.16)

A.2.2. Step 2: Estimate of σ3pDqpf, gq

Now we will consider the term σ3pDqpf, gq. Firstly, we define

σ3,1pξ, ηq “

´

`

1 ` |ξ ` η|
2
˘s{2

´ 1
¯

Φ3

ˆ

1 ` |ξ|2

1 ` |η|2

˙

(A.17)

and

σ3,2pξ, ηq “

´

`

1 ` |η|
2
˘s{2

´ 1
¯

Φ3

ˆ

1 ` |ξ|2

1 ` |η|2

˙

. (A.18)

We clearly see that σ3 “ σ3,1 ´ σ3,2. Based on (A.9) it follows

σ3,1pξ, ηqf̂pξqĝpηq “
p1 ` |ξ ` η|2q

s{2
´ 1

p1 ` |ξ|2q
s{2

Φ3

ˆ

1 ` |ξ|2

1 ` |η|2

˙

pJsfq
p

pξqĝpηq. (A.19)

Now we have to show that

σ˚
3,1pξ, ηq “

`

1 ` |ξ|
2
˘´s{2

´

`

1 ` |ξ ` η|
2
˘s{2

´ 1
¯

Φ3

ˆ

1 ` |ξ|2

1 ` |η|2

˙

(A.20)

fulfils condition (A.1). As previously, we will show that condition (A.2) holds and deduce

(A.1) from Lemma A.1.2. As before we will split our considerations into two cases: for

pξ, ηq such that 1`|ξ|2

1`|η|2
ą 9 and the opposite. We start with the prior case. Based on

Lemma A.3.3 from Section A.3 for αi P N such that
řd
i“1 αi “ m we can deduce the

following

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |ξ|2q´s{2
‰

B
α1
ξ1
. . . Bαd

ξd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cps,mqp1 ` |ξ|
2
q

´s{2
`

1 ` |ξ|
2
˘´m

2 @ξ P Rd.
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Using the assumption that 1`|ξ|2

1`|η|2
ą 9 we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |ξ|2q´s{2
‰

B
α1
ξ1
. . . Bαd

ξd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |ξ|
2
q

´s{2
`

1 ` |ξ|
2

` |η|
2
˘´m

2 @pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ą 9.

(A.21)

By using Lemma A.3.6 from Section A.3 for αi, βi P N such that
řd
i“1pαi ` βiq “ m we

have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |ξ ` η|2qs{2 ´ 1
‰

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |ξ|
2

` |η|
2
q
s
2

´m
2 @pξ, ηq :

1 ` |ξ|2

1 ` |η|2
ą 9. (A.22)

By employing Lemma A.3.5 from Section A.3 we get

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ3

´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

p1 ` |ξ|2 ` |η|2q
m
2

. (A.23)

Collecting (A.20), (A.21), (A.22) and (A.23) and by using Lemma A.3.2 from Section A.3

we get

ˇ

ˇ

ˇ

ˇ

ˇ

Bmσ˚
3,1

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˆ

1 ` |ξ|2 ` |η|2

1 ` |ξ|2

˙s{2
`

1 ` |η|
2

` |ξ|
2
˘´m

2 @pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ą 9.

We see that thanks to 1`|ξ|2

1`|η|2
ą 9 we have

1 ` |ξ|2 ` |η|2

1 ` |ξ|2
ď 1 `

|η|2

1 ` |ξ|2
ď 1 `

1

9
“

10

9

and thus

ˇ

ˇ

ˇ

ˇ

ˇ

Bmσ˚
3,1

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

1 ` |η|
2

` |ξ|
2
˘´m

2 @pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ą 9.
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The obtained formula is also valid in the case of 1`|ξ|2

1`|η|2
ď 9 since suppΦ3 Ă p9,8q. Thus

based on Lemma A.1.2 we can deduce

ˇ

ˇ∆α1
ξ1
. . .∆αd

ξd
∆β1
η1
. . .∆βd

ηd
σ˚
3,1pξ, ηq

ˇ

ˇ ď
Cα

p1 ` |ξ|2 ` |η|2q
|α|`|β|

2

for all α “ pα1, . . . , αdq P Nd, β “ pβ1, . . . , βdq P Nd. Finally from (A.19) and Theorem

A.1.1 we get

}σ3,1pDqpf, gq}p “
›

›σ˚
3,1pDqpJsf, gq

›

›

p
ď C }g}p3 }Jsf}p4 . (A.24)

Now let us proceed with σ3,2. Before we start let us observe that σ3,2pξ, 0q ” 0. Let

us define auxiliary smooth function Ψ such that 0 ď Ψpxq ď 1, Ψpxq “ 1 for x ă 3{4,

Ψpxq “ 0 for x ą 9{10. Then we can rewrite (A.18) in a following form

σ3,2pξ, ηqf̂pξqĝpηq

“

$

&

%

|ξ|´2
A

ξ, pBfq
p

pξq

EA

η, pGJs´1gq
p

pηq

E

Φ3

´

1`|ξ|2

1`|η|2

¯

for pξ, ηq : 1`|ξ|2

1`|η|2
ą 9

A

0, pBfq
p

pξq

EA

0, pGJs´1gq
p

pηq

E

otherwise
,

(A.25)

where

pGhq
p

pηq “ gpηqĥpηq, (A.26)

gpηq “

$

&

%

η|η|´2 p1`|η|2q
s{2

´1

p1`|η|2q
s{2´1{2Ψ

´

1
1`|η|2

¯

for η : 1
1`|η|2

ă 9
10

0 otherwise
. (A.27)

The purpose of the term Ψ
´

1
1`|η|2

¯

is to cut-off region near η “ 0, without affecting values

for η P Zdzt0u. We see that in view of Lemma A.3.5 from Section A.3 we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ3

´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

p1 ` |η|2 ` |ξ|2q
m
2

. (A.28)
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With the use of that fact that 1`|ξ|2

1`|η|2
ą 9 (which implies that |ξ| ą 2

?
2), we also see that

ˇ

ˇ

ˇ

ˇ

ˇ

Bm r|ξ|´2ξjs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C|ξ|
´1´m

ď
C

p1 ` |η|2 ` |ξ|2q
m`1

2

. (A.29)

We see that

Bm r|ξ|´2ηkξjΦ3s

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

“ ηk
Bm r|ξ|´2ξjΦ3s

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

`

ˆ

βk
1

˙

Bm´1 r|ξ|´2ξjΦ3s

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βk´1
ηk´1 B

βk´1
ηk B

βk`1
ηk`1 . . . B

βd
ηd

.

Thus we see that by (A.28), (A.29) and Lemma A.3.2 from Section A.3 we can calculate

ˇ

ˇ

ˇ

ˇ

ˇ

Bm r|ξ|´2ηkξjΦ3s

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

p1 ` |η|2 ` |ξ|2q
m
2

.

We see that based on the above, (A.25), Lemma A.1.2 and Theorem A.1.1 we may con-

clude

}σ3,2pDqpf, gq}p ď C }Bf}p1

›

›GJs´1g
›

›

p2
. (A.30)

Now we need to derive the estimate for }GJs´1g}p2 . We see that by using Lemma A.3.3

from Section A.3 we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |η|2q1{2´s{2
‰

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |η|
2
q
1{2´s{2´m{2

@η P Rd. (A.31)

Similarly by virtue of Lemma A.3.3 from Section A.3 we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |η|2qs{2
‰

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |η|
2
q
s{2´m{2

@η P Rd. (A.32)

Also, we have

ˇ

ˇ

ˇ

ˇ

Bm rη|η|´2s

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ď C|η|
´m´1

ď C
`

1 ` |η|
2
˘´m`1

2 @η P Rd :
1

1 ` |η|2
ă

9

10
. (A.33)
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Applying the same reasoning employed in Lemma A.3.5 from Section A.3 we get

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Ψ
´

1
1`|η|2

¯ı

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

1 ` |η|
2
˘´m

2 @η P Rd. (A.34)

We see that based on (A.31), (A.32), (A.33), (A.34) and Lemma A.3.2 from Section A.3

we get

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

η|η|´2 p1 ` |η|2q
1{2´s{2

´

p1 ` |η|2q
s{2

´ 1
¯

Ψ
´

1
1`|η|2

¯ı

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

1 ` |η|
2
˘´m

2 .

From the above, (A.26), (A.27), Lemma A.1.2 and Theorem A.1.1 we have

}Gh}p2 “

›

›

›

›

´

pGhq
p

¯

q

›

›

›

›

p2

“

›

›

›

›

›

›

ÿ

ηPZd

ei2πx¨,ηygpηqĥpηq

›

›

›

›

›

›

p2

ď C }h}p2 .

Thus we can conclude based on (A.30) we have

}σ3,2pDqpf, gq}p ď C }Bf}p1

›

›Js´1g
›

›

p2
. (A.35)

Thus using (A.24) and (A.35) we obtain

}σ3pDqpf, gq}p ď C
´

}Bf}p1

›

›Js´1g
›

›

p2
` }g}p3 }Jsf}p4

¯

. (A.36)

A.2.3. Step 3: Estimate of σ2pDqpf, gq

Now we have to estimate

σ2pξ, ηq “

´

`

1 ` |ξ ` η|
2
˘s{2

´
`

1 ` |η|
2
˘s{2

¯

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

.

To do this we introduce two new functions

σ2,1pξ, ηq “
`

1 ` |ξ ` η|
2
˘s{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

, (A.37)

σ2,2pξ, ηq “
`

1 ` |η|
2
˘s{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

. (A.38)
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It is clear that σ2 “ σ2,1 ´ σ2,2. We see that the following holds:

σ2,2pξ, ηqf̂pξqĝpηq “
`

1 ` |η|
2
˘s{2 `

1 ` |ξ|
2
˘´s{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

pJsfq
p

pξqĝpηq

“ σ2,2pξ, ηqpJsfq
p

pξqĝpηq.

Recalling that suppΦ2 Ă
`

1
10
, 10

˘

and using Lemmas A.3.3, A.3.5, A.3.2 from Section A.3

combined with Lemma A.1.2 and Theorem A.1.1 it is easy to see that

}σ2,2pDqpf, gq}p “ }σ2,2pDqpJsf, gq}p ď C }g}p3 }Jsf}p4 . (A.39)

Now we have to provide the estimate for σ2,1:

σ2,1pξ, ηqf̂pξqĝpηq “
`

1 ` |ξ ` η|
2
˘s{2 `

1 ` |ξ|
2
˘´s{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

pJsfq
p

pξqĝpηq

“ σ2,1pξ, ηqpJsfq
p

pξqĝpηq.

(A.40)

As we see in the formulation of Theorem A.1.1, condition (A.1) has to be valid up to some

number of differences taken. Let us denote this number by kpdq. Now, let us analyse the

case where s{2 ě kpdq. We try to proceed in the case of σ2,1 in the same way as in the

case of σ2,2. Thus we try to validate the assumption (A.2) in Lemma A.1.2. While doing

so we may have to estimate negative powers of the term 1` |ξ`η|2, which is problematic.

This is not the issue when s{2 ě kpdq and calculations can be performed similarly to

σ2,2 (thanks to Lemma A.3.6 from Section A.3). We will apply the complex interpolation

method to obtain the estimate in the case where s is not so large. Thus we extend the

definition of σ2,1, σ2,1 to complex values:

σz2,1pξ, ηq “
`

1 ` |ξ ` η|
2
˘z{2 `

1 ` |ξ|
2
˘´z{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

, (A.41)

σz2,1pξ, ηq “
`

1 ` |ξ ` η|
2
˘z{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

, (A.42)

such that 0 ď Re z ď 2kpdq. If we choose z “ 2k ` it we can conclude using (A.41),

Lemmas A.3.3, A.3.5, A.3.6, A.3.2, A.1.2 and Theorem A.1.1, that for ψ, ϕ P C8pTdq we

have

›

›σ2k`it
2,1 pDqpϕ, ψq

›

›

p
ď Cptq }ψ}p3 }ϕ}p4 , (A.43)
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where Cptq “ C ¨ p1 ` |t|qk (this factor is the result of kpdq differentiations present in

Theorem A.1.1). Now we need to establish a similar estimate in the case of z “ it. To

this end, we observe that (based on transformations that lead to (A.8)) we have

J itpϕψq “

3
ÿ

i“1

κiti pDqpϕ, ψq,

where

κitj pξ, ηq “
`

1 ` |ξ ` η|
2
˘it{2

Φj

ˆ

1 ` |ξ|2

1 ` |η|2

˙

.

We want to obtain an estimate of σit2,1pDqpϕ, ψq, however, it is easier to start with obtaining

an estimate for σit2,1pDqpϕ, ψq:

σit2,1pDqpϕ, ψq “ κit2 pDqpϕ, ψq “ J itpϕψq ´ κit1 pDqpϕ, ψq ´ κit3 pDqpϕ, ψq. (A.44)

Now we need to derive estimates for each term on the right-hand side. First we will

concentrate on κitj pξ, ηq for j “ 1, 3. It follows from Lemma A.3.6 from Section A.3 that

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

p1 ` |ξ ` η|2qit{2
‰

B
α1
η1 . . . B

αd
ηd B

β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C ¨ p1 ` |t|qm
`

1 ` |η|
2

` |ξ|
2
˘´m

2 for
1 ` |ξ|2

1 ` |η|2
ą 9 or

1 ` |ξ|2

1 ` |η|2
ă

1

9
.

By Lemma A.3.5 from Section A.3 we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φj

´

1`|ξ|2

1`|η|2

¯ı

B
α1
η1 . . . B

αd
ηd B

β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

1 ` |η|
2

` |ξ|
2
˘´m

2 .

Thus Lemma A.3.2 from Section A.3 implies

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
“

κitj pξ, ηq
‰

B
α1
η1 . . . B

αd
ηd B

β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď C ¨ p1 ` |t|qm
`

1 ` |η|
2

` |ξ|
2
˘´m

2 for j “ 1, 3.

Based on Lemma A.1.2 and Theorem A.1.1 we have

›

›κitj pDqpϕ, ψq
›

›

p
ď Cp1 ` |t|qk }ψ}p3 }ϕ}p4 for j “ 1, 3. (A.45)
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Now we will provide an estimate for J itpϕψq. We see that for h P C8pTdq we have

J itphqpxq “
ÿ

ηPZd

e2πixx,ηy
`

1 ` |η|
2
˘it{2

ĥpηq.

We see that in view of Lemma A.3.3 from Section A.3 symbol p1 ` |η|2q
it{2 fulfils as-

sumptions of Lemma A.1.2 and thus the assumption of Theorem A.1.1. Consequently, we

have

›

›J ith
›

›

p
ď Cp1 ` |t|qk }h}p . (A.46)

From this we easily get

›

›J itpϕψq
›

›

p
ď Cp1 ` |t|qk }ψ}p3 }ϕ}p4 . (A.47)

Thus we see that by (A.44), (A.45), (A.47) we have

›

›σit2,1pDqpϕ, ψq
›

›

p
ď Cp1 ` |t|qk }ψ}p3 }ϕ}p4 .

Based on (A.41), (A.42) and (A.46) we have

›

›σit2,1pDqpϕ, ψq
›

›

p
“
›

›σit2,1pDqpJ´itϕ, ψq
›

›

p
ď Cp1 ` |t|q2k }ψ}p3 }ϕ}p4 .

In order to use Theorem A.1.3 we need to show that the family of operators
␣

σz2,1pDq
(

zPS

is an admissible analytic family. According to the Definition A.1.5 we can verify the

conditions for smooth functions (which are dense in Lp, 1 ă p ă 8). Let us choose two

functions ψ, ϕ P C8pTdq. We clearly see that

S Q z ÞÝÑ
ÿ

ξPZd:|k|ăn

ηPZd:|k|ăn

e2πixpξ`ηq
`

1 ` |ξ ` η|
2
˘z{2 `

1 ` |ξ|
2
˘´z{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

ϕ̂pξqψ̂pηq

is analytic, because functions of type S Q z ÞÑ βz{2, β P R` are analytic. We will show

that the expression on the right-hand side converges uniformly. Indeed, we see that using
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(A.5) we have

ÿ

ξ,ηPZd

ˇ

ˇ

ˇ

ˇ

e2πixpξ`ηq
`

1 ` |ξ ` η|
2
˘z{2 `

1 ` |ξ|
2
˘´z{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

ϕ̂pξqψ̂pηq

ˇ

ˇ

ˇ

ˇ

ď C
ÿ

ξPZd

ˇ

ˇ

ˇ
ϕ̂pξq

ˇ

ˇ

ˇ

ÿ

ηPZd

ˇ

ˇ

ˇ
ψ̂pηq

ˇ

ˇ

ˇ
ď C

ÿ

ξPZd

Cϕ

p1 ` |ξ|2q
d`1
2

ÿ

ηPZd

Cψ

p1 ` |ξ|2q
d`1
2

ă 8.

(A.48)

Thus it is easy to see that

ÿ

ξPZd:|k|ăn

ηPZd:|k|ăn

e2πixpξ`ηq
`

1 ` |ξ ` η|
2
˘z{2 `

1 ` |ξ|
2
˘´z{2

Φ2

ˆ

1 ` |ξ|2

1 ` |η|2

˙

ϕ̂pξqψ̂pηq

nÑ8

Ñ σz2,1pDqpϕ, ψq.

(A.49)

Thus, we can conclude that σz2,1pDqpϕ, ψq is analytic for any ϕ, ψ P C8pTdq. Using the

same approach we can show continuity of S Q z ÞÑ σz2,1pDqpϕ, ψq. We will only apply

Theorem A.1.3 to one of the variables of σz2,1pDqpϕ, ψq. To show that condition (A.4)

holds, we verify that Cp1` |t|q2k }ψ}p3 P L1pPjpθ, ¨qdtq for j “ 0, 1 (the interpolation with

respect to the first variable). It is obvious based on Remark A.1.4. Thus using Theorem

A.1.3 we can deduce that for 0 ď s ď 2k the following holds

›

›σs2,1pDqpϕ, ψq
›

›

p
ď C }ψ}p3 }ϕ}p4 .

Now recalling (A.37), (A.40) and (A.41) we have

}σ2,1pDqpf, gq}p “
›

›σs2,1pDqpJsf, gq
›

›

p
ď C }g}p3 }Jsf}p4 .

The validity of the above inequality in case s{2 ą k was already justified in reasoning

that lead to (A.43). Thus using the above and (A.39) we obtain

}σ2pDqpf, gq}p ď C }g}p3 }Jsf}p4 . (A.50)
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A.2.4. Conclusion

By combining (A.8), (A.16), (A.36) and (A.50) we get

}Jspfgq ´ fJspgq}p ď C
´

}Bf}p1

›

›Js´1g
›

›

p2
` }g}p3 }Jsf}p4

¯

.

A.3. Auxiliary lemmas

The following lemmas were used in the proof of Lemma 1.3.3.

Lemma A.3.1. Let ξ, η P Rd such that 1`|ξ|2

1`|η|2
ă 1

9
, then

ˇ

ˇp1 ` |η|
2
q

´1
xξ, ξ ` 2ηy

ˇ

ˇ ă
7

9
. (A.51)

Proof of Lemma A.3.1. We have

ˇ

ˇp1 ` |η|
2
q

´1
xξ, ξ ` 2ηy

ˇ

ˇ ď
|ξ|2 ` 2|xξ, ηy|

1 ` |η|2
ď

|ξ|2

1 ` |η|2
` 2

|ξ|
a

1 ` |η|2

|η|
a

1 ` |η|2
.

Using the fact that 1`|ξ|2

1`|η|2
ă 1

9
, we have

ˇ

ˇp1 ` |η|
2
q

´1
xξ, ξ ` 2ηy

ˇ

ˇ ă
1

9
` 2 ¨

c

1

9
¨ 1 “

7

9
.

Lemma A.3.2. Let N P N, d P N`. Suppose that σ1, σ2 : Rd Ñ C are two symbols

satisfying

ˇ

ˇB
α
ξ σipξq

ˇ

ˇ ď
Ci
αFipξq

p1 ` |ξ|2q
|α|

2

@ξ P U Ă Rd (A.52)

for all α “ pα1, . . . , αdq P Nd such that |α| ď N and Fi : Rd Ñ Rě0. Let us define

σ “ σ1σ2. Then for all α P Nd such that |α| ď N there exists constant Cα such that

ˇ

ˇB
α
ξ σpξq

ˇ

ˇ ď
CαF1pξqF2pξq

p1 ` |ξ|2q
|α|

2

@ξ P U Ă Rd.
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Proof of Lemma A.3.2. Let us set α “ pα1, . . . , αdq P Nd such that |α| ď N . Now we

calculate

B|α|rσ1σ2s

B
α1
ξ1
. . . Bαd

ξd

“

α1
ÿ

k1“0

. . .
αd
ÿ

kd“0

ˆ

α1

k1

˙

. . .

ˆ

αd
kd

˙

B
řd

i“1 kirσ1s

B
k1
ξ1
. . . Bkdξd

B|α|´
řd

i“1 kirσ2s

B
α1´k1
ξ1

. . . Bαd´kd
ξd

.

By the assumption (A.52) we get

ˇ

ˇ

ˇ

ˇ

ˇ

B|α|rσ1σ2s

B
α1
ξ1
. . . Bαd

ξd

ˇ

ˇ

ˇ

ˇ

ˇ

ď

α1
ÿ

k1“0

. . .
αd
ÿ

kd“0

ˆ

α1

k1

˙

. . .

ˆ

αd
kd

˙

Cα1,...,αd
F1pξq

p1 ` |ξ|2q

řd
i“1

ki
2

Cα1´k1,...,αd´kdF2pξq

p1 ` |ξ|2q
|α|´

řd
i“1

ki
2

“
F1pξqF2pξq

p1 ` |ξ|2q
|α|

2

α1
ÿ

k1“0

. . .
αd
ÿ

kd“0

ˆ

α1

k1

˙

. . .

ˆ

αd
kd

˙

Cα1´k1,...,αd´kdCα1,...,αd
.

Lemma A.3.3. Let s P C, m P N and tαiu
d
i“1 P Nd such that

řd
i“1 αi “ m. Then, there

exist N P N, tωi,ju
N,d
i,j“1 P NdN , tkiu

N
i“1 P NN , tCiu

N
i“1 P CN such that

Bm rp1 ` |η|2qss

B
α1
η1 . . . B

αd
ηd

“

N
ÿ

i“1

Cip1 ` |η|
2
q
s´kiη

ωi,1

1 . . . η
ωi,d

d , (A.53)

where @i P t1, . . . , Nu 0 ď ki ď m, 2ki ´
řd
j“1 ωi,j “ m and

|Cips, α1, . . . , αdq| ď Cpmq ¨ p1 ` |s|qm. Also, we have

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |η|2qss

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ď Cpmqp1 ` |s|qmp1 ` |η|
2
q
Re s´m

2 .

Proof of Lemma A.3.3. We will prove the representation formula (A.53) using the induc-

tion method. Let us observe that

B rp1 ` |η|2qss

Bηi
“ 2sp1 ` |η|

2
q
s´1ηi

and thus formula (A.53) holds for one differentiation. Now we assume that it holds for

a certain number of differentiations and will try to deduce its validity after additional
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differentiation. Indeed we have

Bm`1 rp1 ` |η|2qss

B
α1
η1 . . . B

αj`1
ηj . . . Bαd

ηd

“
B

Bηj

Nm
ÿ

i“1

Cip1 ` |η|
2
q
s´kiη

ωi,1

1 . . . η
ωi,d

d

“

Nm
ÿ

i“1

2Cips ´ kiqp1 ` |η|
2
q
s´pki`1qη

ωi,1

1 . . . η
ωi,j`1
j . . . η

ωi,d

d

`

Nm
ÿ

i“1

Cip1 ` |η|
2
q
s´kiη

ωi,1

1 . . . η
ωi,j´1
j . . . η

ωi,d

d .

We observe that 2pki ` 1q ´
řd
j“1 ωi,j ´ 1 “ m` 1 and |Cips´ kiq| À rCp1` |s|qm`1. Thus

we proved that (A.53) holds. Now it is easy to verify that

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |η|2qss

B
α1
η1 . . . B

αd
ηd

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qmp1 ` |η|
2
q
Re s

Nm
ÿ

i“1

|η|
řd

j“1 ωi,j

p1 ` |η|2qki

ď Cp1 ` |s|qmp1 ` |η|
2
q
Re s

Nm
ÿ

i“1

p1 ` |η|
2
q

´ki`
1
2

řd
j“1 ωi,j

ď Cp1 ` |s|qmp1 ` |η|
2
q
Re s´m

2 .

Lemma A.3.4. Let r P N`, m P N and tαiu
d
i“1 , tβiu

d
i“1 P Nd such that

řd
i“1 pαi ` βiq “ m. Then, there exist N P N, tωi,ju

N,2d
i,j“1 P NNˆ2d, tkiu

N
i“1 P NN ,

tCiu
N
i“1 P RN such that

Bm rxξ, ξ ` 2ηyr´1 pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

“

N
ÿ

i“1

Cixξ, ξ ` 2ηy
r´1´kiξ

ωi,1

1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d . (A.54)

Moreover, for i “ 1, . . . , N we have 0 ď ki ď m, r ´ 1 ´ ki ě 0, 2ki ´
ř2d
j“1 ωi,j “ m ´ 1

and |Ci| ď Cp1 ` rqm. Additionally, there exists C independent of r such that for

pξ, ηq : 1`|ξ|2

1`|η|2
ă 1

9
we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` rqm
ˆ

7

9

˙r
p1 ` |η|2q

r´ 1
2

p1 ` |ξ|2 ` |η|2q
m
2

.
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Proof of Lemma A.3.4. We will prove this statement via induction argument. We see

that for one derivative we have

B rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

Bξj
“ pr ´ 1qxξ, ξ ` 2ηy

r´2
p2ξj ` 2ηjqpξk ` 2ηkq

` xξ, ξ ` 2ηy
r´1δkj,

B rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

Bηj
“ pr ´ 1qxξ, ξ ` 2ηy

r´22ξjpξk ` 2ηkq

` 2xξ, ξ ` 2ηy
r´1δkj.

We see that the above results of differentiations match the form of (A.54). Now, we make

the induction step

Bm`1 rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . B

αj`1
ξj

. . . Bαd
ξd

B
β1
η1 . . . B

βd
ηd

“
B

Bξj

˜

Nm
ÿ

i“1

Cixξ, ξ ` 2ηy
r´1´ki

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k

¸

“

Nm
ÿ

i“1

2Cipr ´ 1 ´ kiqxξ, ξ ` 2ηy
r´1´pki`1q

pξj ` ηjqξ
ωi,1

1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d

`

Nm
ÿ

i“1

Cixξ, ξ ` 2ηy
r´1´kiξ

ωi,1

1 . . . ξ
ωi,j´1
j . . . ξ

ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d .

We see that 2pki`1q´p
ř2d
j“1 ωi,j `1q “ pm`1q´1 and 2ki´p

ř2d
j“1 ωi,j ´1q “ pm`1q´1,

thus postulated equality (A.54) holds. In the same way we get equality for B

Bηj
.

Now, we will prove the inequality stated in the lemma. We see that

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` rqm
Nm
ÿ

i“1

|xξ, ξ ` 2ηy|
r´1´ki |ξ|

řd
j“1 ωi,j |η|

ř2d
j“n`1 ωi,j .

We modify the right-hand side in the following way

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpmqp1 ` rqm
Nm
ÿ

i“1

ˆ

9

7

|xξ, ξ ` 2ηy|

1 ` |η|2

˙r´1´ki
ˆ

7

9
p1 ` |η|

2
q

˙r´1´ki

|ξ|
řd

j“1 ωi,j |η|
ř2d

j“d`1 ωi,j .
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Based on the fact that r ´ 1 ´ ki ě 0 and on Lemma A.3.1 we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpmqp1 ` rqm
ˆ

7

9

˙r
`

1 ` |η|
2
˘r´ 1

2

Nm
ÿ

i“1

|ξ|
řd

j“1 ωi,j |η|
ř2d

j“d`1 ωi,j

p1 ` |η|2q
ki`

1
2

.

Using 1`|ξ|2

1`|η|2
ă 1

9
we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpmqp1 ` rqm
ˆ

7

9

˙r
`

1 ` |η|
2
˘r´ 1

2

Nm
ÿ

i“1

p1 ` |ξ|2 ` |η|2q
1
2

ř2d
j“1 ωi,j

p1 ` |ξ|2 ` |η|2q
ki`

1
2

.

Now using the fact that 2ki ´
ř2d
j“1 ωi,j “ m ´ 1 we get

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rxξ, ξ ` 2ηyr´1pξk ` 2ηkqs

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpmqp1 ` rqm
ˆ

7

9

˙r
p1 ` |η|2q

r´ 1
2

p1 ` |ξ|2 ` |η|2q
m
2

.

Lemma A.3.5. Let m P N` and let tαiu
d
i“1 , tβiu

d
i“1 P Nd be such that

řd
i“1 pαi ` βiq “ m.

Let Φ P C8pRq be such that supp BΦ
Bx

Ă ra, bs for some a, b ą 0. Then we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
`

1 ` |ξ|
2

` |η|
2
˘´m

2 . (A.55)

Proof of Lemma A.3.5. First, we will show that there exist N P N, tωi,ju
N,2d
i,j“1 P NNˆ2d,

tkiu
N
i“1 , tκi,ξu

N
i“1 , tκi,ηu

N
i“1 P NN , tCiu

N
i“1 P RN such that derivatives can be expressed in

the following way:

Bm
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

“

Nm
ÿ

i“1

CiΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
ξ
ωi,1

1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d ,

(A.56)

where 1 ď ki ď m, 2κi,ξ ´
ř2d
j“1 ωi,j “ m. We see that for m “ 1 such a representation is
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valid. Now we assume that the formula holds for some number of differentiations and we

will check if the formula is still valid after additional differentiation. We start with the

differentiation with respect to ξj:

Bm`1
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . B

αj`1
ξj

. . . Bαd
ξd

B
β1
η1 . . . B

βd
ηd

“
B

Bξj

«

Nm
ÿ

i“1

CiΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
ξ
ωi,1

1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d

ff

.

After carrying out the differentiation we get

Bm`1
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . B

αj`1
ξj

. . . Bαd
ξd

B
β1
η1 . . . B

βd
ηd

“

Nm
ÿ

i“1

2CiΦ
pki`1q

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η`1
ξj

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k

`

Nm
ÿ

i“1

Ci2κi,ηΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η´1

p1 ` |η|2qκi,ξ`1`κi,η´1
ξj

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k

`

Nm
ÿ

i“1

Ciωi,jΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
ξ´1
j

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k .

The obtained formula matches the structure from equation (A.56). Now let us check the

validity after the additional differentiation with respect to ηj:

Bm`1
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βj`1
ηj . . . Bβdηd

“
B

Bηj

«

Nm
ÿ

i“1

CiΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
ξ
ωi,1

1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d

ff

.

After carrying out the differentiation we get

Bm`1
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βj`1
ηj . . . Bβdηd

“

Nm
ÿ

i“1

p´2qCiΦ
pki`1q

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η`1

p1 ` |η|2qκi,ξ`1`κi,η`1
ηj

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k

`

Nm
ÿ

i“1

Cip´2qpκi,η ` κi,ξqΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`1`κi,η
ηj

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k
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`

Nm
ÿ

i“1

Ciωi,d`jΦ
pkiq

ˆ

1 ` |ξ|2

1 ` |η|2

˙

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
η´1
j

d
ź

k“1

ξ
ωi,k

k η
ωi,d`k

k .

Again we see that the structure of (A.56) is preserved after differentiation. Now, we can

finally prove the estimate (A.55). First, let us observe that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0 for pξ, ηq :
1 ` |ξ|2

1 ` |η|2
ď a or

1 ` |ξ|2

1 ` |η|2
ě b

and thus we will focus on the case when a ă
1`|ξ|2

1`|η|2
ă b:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
Nm
ÿ

i“1

p1 ` |ξ|2qκi,η

p1 ` |η|2qκi,ξ`κi,η
|ξ1|

ωi,1 . . . ξ
ωi,d

d η
ωi,d`1

1 . . . η
ωi,2d

d

ď C
Nm
ÿ

i“1

p1 ` |ξ|2 ` |η|2q
1
2

ř2d
j“1 ωi,j

p1 ` |η|2qκi,ξ
.

Now we use the inequality

1 ` |η|
2

ě
1

2

`

1 ` |η|
2
˘

`
1

2b

`

1 ` |ξ|
2
˘

ě min

"

1

2
,
1

2b

*

`

1 ` |η|
2

` |ξ|
2
˘

to obtain

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bm
”

Φ
´

1`|ξ|2

1`|η|2

¯ı

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
Nm
ÿ

i“1

`

1 ` |ξ|
2

` |η|
2
˘

1
2p´2κ1,ξ`

ř2d
j“1 ωi,jq

ď C
`

1 ` |ξ|
2

` |η|
2
˘´m

2 .

Lemma A.3.6. Let s P C be such that Re s ě 0, m P N` and let tαiu
d
i“1 , tβiu

d
i“1 P Nd

be such that
řd
i“1pαi ` βiq “ m. Then there exist N P N, tωi,ju

N,2d
i,j“1 P NdN , tkiu

N
i“1 P NN ,

tCiu
N
i“1 P CN such that

Bm rp1 ` |ξ ` η|2qss

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

“

N
ÿ

i“1

Cipsqp1 ` |ξ ` η|
2
q
s´kiη

ωi,1

1 . . . η
ωi,d

d ξ
ωi,d`1

1 . . . ξ
ωi,2d

d , (A.57)
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where @i P t1, . . . , Nu 0 ď ki ď m, 2ki ´
ř2d
j“1 ωi,j “ m and |Cipsq| ď Cp1 ` |s|qki.

Moreover, we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |ξ ` η|2qss

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qmp1 ` |ξ|
2

` |η|
2
q
Re s´m

2 @pξ, ηq P U, (A.58)

where U “

!

pξ, ηq : 1`|ξ|2

1`|η|2
ą 9 or 1`|ξ|2

1`|η|2
ă 1

9

)

. If Re s ´ m ě 0, then inequality (A.58)

holds for pξ, ηq P R2d.

Proof of Lemma A.3.6. The representation formula (A.57) can be obtained in the same

way as in Lemma A.3.3, thus we will concentrate only on the inequality. We get

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |ξ ` η|2qss

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qm
Nm
ÿ

i“1

p1 ` |η|2 ` |ξ|2q
Re s` 1

2

ř2d
j“1 ωi,j

p1 ` |ξ ` η|2qki
. (A.59)

Let us observe that from 1 ` |ξ|2 ą 9 p1 ` |η|2q we can derive ´1
3

a

|ξ|2 ´ 8 ă ´|η|. Thus

we have

1 ` |ξ ` η|
2

“ 1 ` |ξ|
2

` |η|
2

` 2xξ, ηy ě 1 ` |ξ|
2

` |η|
2

´ 2|ξ||η|

ě 1 ` |ξ|
2

` |η|
2

´
2

3
|ξ|
a

|ξ|2 ´ 8 ě
1

3

`

1 ` |ξ|
2

` |η|
2
˘

.

Hence

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |ξ ` η|2qss

B
α1
η1 . . . B

αd
ηd B

β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qm
Nm
ÿ

i“1

`

1 ` |η|
2

` |ξ|
2
˘Re s´ 1

2
p2ki´

ř2d
j“1 ωi,jq

.

Using the fact that 2ki ´
ř2d
j“1 ωi,j “ m, we get the desired inequality. The other case

1 ` |ξ|2 ă 1
9

p1 ` |η|2q is analogous. Now, let us assume that Re s ´ m ě 0. Thus from

(A.57) we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |ξ ` η|2qss

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qm
N
ÿ

i“1

p1 ` |ξ ` η|
2
q
Re s´ki

`

1 ` |η|
2

` |ξ|
2
˘

1
2

ř2d
j“1 ωi,j .

As ki ď m we see that Re s ´ ki ě 0 and thus we have

ˇ

ˇ

ˇ

ˇ

ˇ

Bm rp1 ` |ξ ` η|2qss

B
α1
ξ1
. . . Bαd

ξd
B
β1
η1 . . . B

βd
ηd

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cp1 ` |s|qm
N
ÿ

i“1

`

1 ` |η|
2

` |ξ|
2
˘Re s´ 1

2
p2ki´

ř2d
j“1 ωi,jq

.
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Again, using the fact that 2ki ´
ř2d
j“1 ωi,j “ m, we obtain the desired inequality.
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